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Abstract

The class of all law invariant, convex risk measures for portfolio vectors
is characterized. The building blocks of this class are shown to be formed
by the maximal correlation risk measures. We introduce some classes
of multivariate distortion risk measures and relate them to multivariate
quantile functionals and to an extension of the average value at risk measure.

1 Introduction

This paper is concerned with an extension of representation results for one dimen-
sional law invariant, convex risk measures to the multivariate case. As reference
for one dimensional risk measures we refer to the unifying presentation in Follmer
and Schied (2004) but several of the results go back to earlier and independent
sources. We mention in particular Delbaen (2000, 2002), Kusuoka (2001), Wang,
Young, and Panjer (1997), Wirch and Hardy (2000), Dhaene, Vanduffel, Tang,
Goovaerts, Kaas, and Vynke (2004), Carlier and Dana (2003), Dana (2005) which
include many further references.

Law invariant, convex risk measures on L*°(P) have been characterized by a
Kusuoka type representation of the form

()= s ( /(] AV@R,(X)u(dA) — ﬁ(u)) , (1.1)

where o) (X) := AVQR,(X) is the average value at risk,

8 = swp [ AVER(X)u(a)
XeA, J]0,1]

is the penalty function and A, = {X € L*(P); o(X) < 0} is the acceptance set of

0 (see Follmer and Schied (2004, Theorem 4.57), Jouini, Schachermayer, and Touzi

(2005), and Kusuoka (2001)). Thus in dimension d = 1 the average value at risk
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measures (0x)o<i<1 are the basic building blocks of the class of all law invariant,
convex risk measures.

The class of law invariant, convex risk measures can also be represented by the
class of weighted quantiles ¢_x () = F~y(t) of =X,

)= s ([ axtn, 0 - a(@) (1.2

QeM (P

where M (P) is the class of probability measures, continuons w.r.t. P; g = Z—g
and q,,,, g-x are the quantiles of ¢, —X (see Follmer and Schied (2004, Theorem
4.54)). A further equivalent representation is known in terms of concave distortion
risk measures or equivalently in terms of the Choquet expectation.

Q(X) = sup (Ecg(_X) - 7(9)) 9 (13)
g
where the sup ist over the class of all concave distortion functions g and

E. X = /0 (go P(X >x) — 1)dz + /OogoP(X > x)dz (1.4)

is the Choquet integral, defined in terms of the distortion functional g o F(x),
F(x) = P(X > x) the survival functional (see Féllmer and Schied (2004, Corollary
4.72)). As consequence this implies that the law invariant, convex, comonotone
additive risk measures are exactly those of the form

o(X) = E.,(-X) = / AVOR\(X)dp()) (15)

Risk measures are also naturally defined for portfolio vectors X =
(X1,...,X4) € LP(P). The aim of risk measures on the class of portfolio vec-
tors is to measure not only the risk of the marginals separately but to quantify the
risk of X caused by the variation of the components and at the same time by their
possible dependence. The class of all convex risk measures on L°(P) has been
characterized in Burgert and Riischendorf (2005). In that paper also two concrete
and easy to interprete classes of multivariate risk measures have been introduced
and consistency w.r.t. various types of convex orderings has been studied.

In this paper we consider the question whether and in what form the basic
classes of one dimensional risk measures can be extended to the multivariate case.
What are analogs of the average value at risk measure, building the basic blocks
of the law invariant risk measures. Are there senseful analogs of the distortion risk
measures or of the weighted quantile representation? It will turn out however that
only partially and less explicit forms of analogous classes of risk measures can be
given in the multivariate case as there is no complete order, no obvious analog of
quantiles and of distortions.

In section 2 we establish that the maximal correlation risk measures play in
the multvariate case the role of basic building blocks of convex, law invariant risk
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measures. We then in section 3 introduce some natural extensions of multivariate
quantile type and distortion type risk measures.

We denote by (€2, A, P) the underlying probability space which we generally
assume to be non atomic (even if not always needed). M (P) denotes the class
of P-continuous probability measures on (£2,.A), ba(P) denotes the corresponding
class of finitely additive normed, P-continuous measures. LJ°(P) denotes the set of
essentially bounded portfolio vectors X = (X1,..., Xy), i.e. LP(P) =[], L>(P)
and My(P) resp. bay(P) denote the class of o-additive resp. addive, P-continuous,
normed measures on L3°(P). My(P) can equivalently be described by the corre-
sponding class of P-densities

2 Law invariant, convex risk measures

A risk functional ¢ : LP(P) — R on the class of portfolio vectors X =
(Xi,...,X4) € LY(P) is called convex risk measure if

Cl) X >Y = o(X) < oY) (2.1)
C2) o(X +me;))=—m+po(X), YmeRand1<i:<d
C3) olaX +(1—-a)Y) <ap(X)+ (1 —a)o(Y) for all a € (0,1).

Here # > y denotes the usual componentwise ordering on R¢ and e; denotes the
i-th unit vector. We denote throughout this paper by

U(X) = o(—=X) (2.2)

the corresponding insurance risk functional, which is monotone in the usual order-
ing. For financial risk measures —X denotes the liability and therefore plays the
essential role. This class of convex risk measures was characterized in Burgert and
Riischendorf (2005, Theorem 3.4), by a representation of the form

o(X) = sup (Eg(=X)—a(@Q)), (2.3)
Qéebay(P)

where the penalty function « can be chosen as Legendre-Fenchel inverse of p,

a(@) = sup (Ep(=X) — (X)) = sup E(—X).

XELF(P) X€eA,

For Fatou-continuous p the class bay(P) can be replaced by the class My(P) of
probability measures on L*°(P) or, equivalently, by the class D of corresponding
P—densities;

o(X) = sup(E(=X) - Y —a(Y)) (2.4)

YeD
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where

aY) = sup (E(=X)-Y —o(X))

XeLyP(P)

= sup F(—-X)- Y.
XeA,

A similar representation result holds true also on L}(P) instead of L3°(P). Let for
X € L¥(P)
AX) ={XeLy(P): X ~X} (2.5)

be the class of all X with the same distribution as X. A risk measure o is law
invariant if

o(X) = o(X), VX € A(X). (2.6)
Proposition 2.1 If ¢ is a convez risk measure on LY (P), then
(X) = sup{o(X); X € A(X)} (2.7)
18 a convez, law invariant risk measure and
0 is law invariant < o= p (2.8)

Proof: Obviously ¢ is law invariant. For X,Y € L3°(P),a € (0,1) and with
Z:=aX + (1 —a)Y holds

AaX + (1 —a)Y) = sup o(Z).

Since Z ~ h(X,Y), with h(z,y) := az + (1 — a)y, by a result on solutions of
stochastic equations (see Riischendorf (1985)) there exists rv's  (X,Y) ~ (X,Y)
such that Z = h(X,Y) [P].

Therefore,
olaX +(1—-a)Y) (2.9)
= sup{o(aX + (1 —a)Y); (X,Y) ~ (X,Y) and Z := aX + (1 — @)Y ~ Z}
< sup{ao(X)+ (1 —a)o(Y); X ~ X, Y ~Y and aX + (1 —a)Y ~ Z}
ag(X) + (1 = ae(Y),

N

i.e. pis a convex, law invariant risk measure. (2.8) is obvious. O

Thus for any risk measure p resp. ¥ we obtain by the process in (2.7) a law in-
variant risk measure and the mapping ¢ — 0 from the class of convex risk measures
to the class of convex, law invariant risk measures is surjective.
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Example 2.2 maximal correlation risk meassure
For'Y € D define the risk measure

Uy LP(P) = R, Uy (X) = EX Y (2.10)

Uy (X) is (up to the normalization) the correlation coefficient of X, Y. Wy is a
convex even coherent risk measure. The corresponding law invariant risk measure

Uy (X) = sup EX Y (2.11)
X~X

is called the mazimal correlation risk measure in direction Y. Correspondingly,

oy (X) := Uy (—=X) is the financial version of the mazximal correlation risk measure.

Some properties of the maximal correlation risk measure are:

a) Uy (X) =sup EX -Y = Up(X) forall Y ~Y. (2.12)
X~X
Y~Y

b) (I\ly 18 consistent w.r.t. increasing convexr ordering <;.., i.e.
X1 Sica: X2 zmplzes (I\/y(Xl) S @y(XQ) (213)
This follows from Theorem 3.10 in Burgert and Riischendorf (2005).

c) In dimension d = 1 an explicit representation of (I\’y 18 known;
1
U(X,Y)=Uy(X)= / FHU)FH(U)AP, (2.14)
0

where U ~ U(0,1) is uniformly distributed on (0,1). In d > 1 the basic result
for solutions X* ~ X, Y* ~ Y of (2.12) which are called optimal couplings is
the following (see Riischendorf and Rachev (1990)):

~

U(X,)Y)=EX"-Y" ifand only if Y* € 0f(X")[P] (2.15)

for some convex, lower semicontinuous function f, where Of is the subgradient
of [. The typical case is, where Y* = T(X*) respectively X* = T*(Y*) for some
cyclycally monotone transformation T’ resp. T*.

d) The mazimal correlation risk measure has the following interpretation. It de-
scribes the maximal possible risk over all possible distributional versions X~X
averaged over all directions y according to the scenario measure Q = PY . This
interpretation results from the presentation

-~

Uy (X) = sup /E()?w)-ydPY(y)- (2.16)

X~ X

Here E(X|y) -y is the conditional risk of X in direction y € R%. Thus Ty (X)
describes the risk of X in random direction Y .
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By a recent result of Jouini, Schachermayer, and Touzi (2005) law invariant, convex
risk measures in d = 1 are Fatou continuous. We make use in the following of an
extension of this result for d > 1. We denote for a convex risk measure with penalty
function « by

Dy :={Y € D; a(Y) < oo} (2.17)

the set of all densities of scenario measures () € My(P). Then we obtain that the
maximal correlation risk measures in Example 2.2 are the basic building blocks of
convex law invariant risk measures.

Theorem 2.3 Let U be a convex risk measure on LY (P) with penalty function a,
then it holds:

W s law tnvariant

& The penalty function o : Dy — R of W with Dy the scenario set is law
invariant i.e. a(Y)=a(Y) if Y ~ Y.

< U has a representation of the form

U(X) = sup (@Y(X) —a(Y)) (2.18)

Y €Dy

with law invariant penalty function o which can be chosen as

a(Y) = sup Uy(X)= sup \TJ;(X).
4

Proof: If ¥ is law invariant, then

U(X) = U(X) = sup sup (EX Y - a(Y)) — sup (@Y(X) . a(Y))

Fux YeED YeD
i.e. representation (2.18) holds. Furthermore,

aY)= sup (EX-Y —¥(X))

XeLy
= sup sup (E)? Y — \Il()?)>
Xely X~x
= sup (Ty(X) - ¥(X))
XeLy

= oY) forall Y ~Y

since by (2.12) (I\JY(X) = (I\ff,(X). Thus « is law invariant.
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If conversely « is law invariant, then for X ~ X holds

U(X)=sup (EX Y —a(Y))

YeD
= sup (sup EX .Y — a(Y))
YeD \y~y
= sup (Ty(X) — a(Y))
YeD
= sup (@y()?) - a(Y)) by Proposition 2.1
YeD
= U(X).
Thus V¥ is law invariant and the presentation of ¥ in (2.18) holds. O

Corollary 2.4 The class of law invariant, coherent risk measures on L3® is given
by {V4; A C D} where

Va(X) = sup Ty (X) (2.19)

s a supremum of maximal correlation risk measures.
By Theorem 3.10 in Burgert and Riischendorf (2005) law invariant, convex risk

measure ¥ are consistent w.r.t. the increasing convex order <;., and w.r.t. the
convex order <., 1.e.

X <ie: Y implies U(X) < U(Y). (2.20)
Therefore, as consequence we obtain

Corollary 2.5 Let ¥ be a convex risk measure on L (P). Then the following are
equivalent:

W is law tnvariant
< U os <. — consistent
S U ogs <., — consistent

< U has a representation as in 2.18

Remark 2.6 Ford =1 the maximal correlation risk measures \T/y have an explicit
representation as miztures of quantiles (see 2.14), which leads to a Kusuoka type
representation as in (1.1) and also to a distortion type repesemtation as in (1.4)
(see Dana (2005), Féllmer and Schied (2004), Carlier and Dana (2003)).

For d > 1 only for some special classes of distributions optimal coupling results
are known in explicit form. In contrast the class of cyclically monotone functions
s quite well studied. It includes e.q. radial transformations T(X)Hﬁ—n, r(X) T real
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and transformations T'(x) with symmetric, positive semidefinite functional matriz

(g—fz) = DT. Ifeg. Y ~ N(0,%) is multivariate normal and TX = AX, A

positive semidefinite, then for X ~ N(0,%), ¥ = ATSA, the pair X* :=TY,Y
18 an optimal coupling and the mazximal correlation is given by

Uy (X) = EY-AY = tr SPASY.

3 Multivariate distortion type risk measures and
quantile functionals

In dimension 1 the representation of law invariant, convex risk measures (see (2.18))
leads to the representation of ¢ by weighted quantiles in (1.2) and also to the
representation as distortion risk measure in (1.4). Both types of representation are
senseful and have a natural interpretation. Since the general representation result
in section 2 in terms of maximal correlation risk measures is only qualitatively good
to interprete (see Example 2.2 b) but in general difficult to determine explicitly we
discuss in this section some extensions of quantile based and distortion based risk
measures to the multivariate case.

Here the main aim is not to obtain complete mathematical representation results
as in d = 1 but to define risk measures which have a clear motivation and which can
be calculated (in principle at least). This supplements the proposal of concrete risk
measures in Burgert and Riischendorf (2005) where the main idea is to measure
the risk of some real aspects of X.

We concentrate in this section to nonnegative risk vectors X > 0. In analogy
to the one dimensional case d = 1 we define for d > 1 distortion type risk
measures of the form

0,0 = [ g(1= F@)du(e), B.)
R
where F' = Fx is the multivariate distribution function of X, ¢ is a distortion
function and p is some weighting measure. More generally one could consider
WA(X) :=sup,eq V,u(X), the sup over some class of weighting measures resp. the
convex variant of these with penalty functions.
We denote by F " ! the multivariate quantile functional

Et) = p({z e R F(z) < t}, (3.2)

T, (X) = / " g(dE 0) (3.3)

In dimension d = 1 and for z = A' holds
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is the generalized inverse of I, and is indentical to the quantile functional F’=1(t) =
F~'(1 —t). Under a corresponding integrabilty condition we obtain from partial
integration in the case d = 1,1 = A' a representation as weighted quantile risk
measure

(X)) = - / F()dg(t) (3.5)

resp. for d > 1 and for any probalility weighting measure p the corresponding
representation

V,(X) = —/0 N (t)dg(t). (3.6)

Thus the distortion risk measure ¥, defined in (3.1) also for d > 1 has a represen-
tation as a weighted, linear functional of the generalized quantile functional Fﬂ_ Lif
g is a concave distortion function. If g is absolutely continuous and concave, then
we can write (3.6) also in the form

W, (X) = / AV@R!(X)du(s) (3.7)
(0,1)
where .
AV@R(X) = é / Fo(1— u)du. (3.8)

Hier v is a probalility measure defined by
dv(s) = sdv(s), (3.9)

where 7(s, 1] := ¢'(s). Note that

[ et = [ o= [ gsas= o) -o0) -1

(Compare also a similar argument in Follmer and Schied (2004, p. 186) in d = 1.)
Thus AVQR!(X) plays the role of an average value at risk measure in d > 1.

Example 3.1 In this example we consider the special case that p is the Lebesgue
measure on the positive diagonal, pn = N™, where 7 : [0,00) — Ri, t—t-11isa
parametrization of the diagnoal.

Then -
0 = [ o= Ft- D) (3.10)
0
and
E,t-1)=1-F(t-1)= P(mglxXi > 1) = Fuaxx, (1) (3.11)
Further
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and thus we obtain )
V(00 == [ Pyl ) dg (3.12)
0

Thus in this special case V,(X) is dentical to the one dimensional distortion risk
measure applied to max X;.
1=

The class of distortion type risk measures defined in (3.1) is weighting the risk
sets
A, ={X <z}, zeRl (3.13)

by the distortion
cg=goP (3.14)

of the probability measure P. In the multivariate case the distribution function is
however no longer simple to calculate and thus the calculation of ¥, in (3.1) poses
a considerable problem. It is also not the case that the risk sets of the form A,
represent the only relevant class of risk sets.

We next consider an extension of the class of distortion risk measures defined
in (3.1) by allowing more general classes of relevant risk sets. We restrict to one
parametric classes of risk sets (A¢)i>0 C Rﬁlr in order to induce the order structive
from R, and to get not to complicated expressions. We assume the following
conditions on the class of risk sets (A4;);>0 C RY

Risk sets: (A;);>0 C R? is called family of risk sets, if
R1) A; are monotone sets, t > 0,ie. x € Ayandy >z =y € A,

R2) (A;) is decreasing in ¢
R4) (A;) is right continous, i.e. Ay . T A; ase — 0.

As consequence of R1) — R4) we may introduce a generating risk function U :
U(x) :=inf{s:z € A }. (3.15)

We obtain a representation of the risk sets A; as level sets of the risk function U:
A ={U > t}. (3.16)

Our generalized class of multivariate distortion risk measures is induced by a class
of risk sets (A;) satisfying R1) — R4) and by a concave distortion function g¢. It is
given by

PI(X) = /0 T g0 P(X € A)dA(®). (3.17)
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Since
F(t) = P(X € A) = PU(X) > t) = Fyo (1) (3.18)

we obtain

PI(X) = /0 (P (6))dt = — /O ol (0dg(t) = 0, (U(X)).  (3.19)

Thus ¥9(X) is the one dimensional distortion risk measures applied to the (real)
risk function U(X) of X. As consequence U9 can be subsumed in the classes
U 4, W)y of risk measures introduced in Burgert and Riischendorf (2005). If U is a
convex function, then W9 is a convex risk measure. Let e.g. U(z) = >_1 | 22, then

Ay = {z: % 22 >t} and U9 is based on weighting the radial part of the risk
X. Further interesting choices of U are ) ai:c?, or max a; X;, a; > 0, which lead to

convex risk measures W9 as well.
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