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Abstract

Limit theorems are established for some functionals of the distances between two
nodes in weighted random b-ary recursive trees. We consider the depth of the nth
node and of a random node, the distance between two random nodes, the internal
path length and the Wiener index. As application these limit results imply by an
imbedding argument corresponding limit theorems for further classes of random trees
as for plane-oriented recursive trees and for random linear recursive trees.
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1 Introduction

In this paper we establish limit theorems for several basic functionals of distances of
nodes in weighted random b-ary recursive trees. We consider the depth of the nth node,
the depth of a randomly chosen node, the distance between two randomly chosen nodes,
the internal path length, i.e. the sum of all depths of nodes and the Wiener index, i.e. the
sum of all distances of pairs of nodes in the tree. All these functionals are well motivated
and of importance for the structure of the tree and for the closely connected analysis
of related algorithms (see for example Devroye and Neininger (2004), Mahmoud (1992),
Mahmoud and Neininger (2003), Su et al. (2006). They have been studied in a wide
variety of tree models.

In Szymanski (1987) a procedure is introduced to obtain also nonuniform distributions on
the set of recursive trees, i.e. trees which evolve by a step by step insertion of the nodes.
This procedure operates by defining a weight function for each node in terms of its degree
and attaching a new node randomly to a former node with probability proportional to
its weight. In Quintas and Szymariski (1992) a weight function is used which yields trees
with bounded degrees, so-called recursive f-trees. A slight modification of this tree model
coincides with the b-ary increasing tree introduced in Bergeron et al. (1992).

The weighted random b-ary recursive tree is a combination of the b-ary increasing
tree and the continuous time model of b-ary trees introduced in Broutin and Devroye
(2006). In the tree model of Broutin and Devroye (2006), a copy of a nonnegative vector
((Z1,Er),...,(Zy, Ep)) is attached independently to any node in an infinite b-ary tree.
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The components Z; are random weights of the edges to the b children of a node, the
entries F; describe lifetimes of the children. At time t the tree T} is given by the set of
all those nodes for which the sum of the lifetimes along the path to the root is smaller
than t. By a proper choice of the lifetimes this tree model without edge weights is close
to being a random split tree and thus includes important families of trees like random
m-ary search trees, quad-trees, and many others. Despite the bounded branching factor
of these trees it is possible to transfer properties of these weighted random b-ary trees to
trees with unbounded branching factor as e.g. to random recursive trees, to plane oriented
recursive trees and to the random linear recursive trees, as introduced in Pittel (1994).
If all lifetimes are independent exponentially distributed and we consider the tree at the
random moment where it has n nodes, due to the lack of memory property of the expo-
nential distribution the shape of the tree (i.e. the tree without the edge weights) coincides
with the b-ary increasing tree, in which every external node has the same probability to
become the next new internal one.

In Section 2 of this paper we introduce the weighted random b-ary trees together with
some basic properties. In Section 3 we derive limit theorems for the depths of the nth
node as well as for a randomly chosen node in the tree and for the distance between two
randomly chosen nodes. In Section 4 we establish a limit theorem for the internal path
length and the Wiener index based on a suitable two-dimensional recursion for their joint
distribution by applying the contraction method. The main problem for the application
of the contraction method to this problem is to derive a second order expansion for the
mean of the Wiener index. In the final Section 5 we obtain as consequence of the limit
theorems for weighted random b-ary trees corresponding limit results for plane oriented
recursive trees and for linear recursive trees.

There are several related results in the literature for the depths and distances of random
recursive trees (see Smythe and Mahmoud (1995) for a survey of early results for recursive
trees). Limit theorems for the depth of the nth node are given in Devroye (1999) for
random split trees and in Mahmoud (1992) for plane-oriented recursive trees. For the
depths of a random node as well as for the distance between two random nodes limit
theorems are shown in Panholzer and Prodinger (2004a,b); Morris et al. (2004); Panholzer
(2004a,b); Kuba and Panholzer (2010) for several random trees.

The internal path length of a tree has been studied for a large class of trees including
in particular random recursive trees, random me-ary search trees, and split trees (see
Dobrow and Fill (1999), Résler (1991), Neininger and Riischendorf (1999, 2004), and
others). The Wiener index has been investigated in Neininger (2002) for binary search
trees and random recursive trees and in Janson (2003) for simply generated trees.

For several details and extensions of results in this paper we refer to the dissertation of
Munsonius (2010) on which this paper is based!.

We fix some notations for the rest of this paper. We use the notation f ~ g, for z — oo,
for two functions f and g if f(z)/g(z) — 1, for x — oo. For a real number = the
largest integer smaller than or equal to z is denoted by |z|. For random variables or

'Munsonius is abbreviated within this paper with [Mu].
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distributions we write < for equality in distribution and £(X) for the distribution of X.
By N(0,1) we denote the standard normal distribution with expectation 0 and variance
1. The Wasserstein-metric lp is defined on the set of distributions on R? by

(i, v) = IE{|[X — V|2 £(X) = u, £LY) = v},

where the Lyp-norm || - ||2 is given by || X|2 = (E[||X|?])}/2. We denote convergence

in distribution, probability and with respect to the Lo-metric by i>, P, and g,
respectively. Let M%Q be the set of centered probability measures on R? with finite
second moments.

2 Random weighted b-ary recursive trees

The random b-ary recursive tree is a rooted, ordered, labelled tree where the outdegree
is bounded by b and the labels along each path beginning at the root increase. We define
this tree model by the following recursive procedure. We consider the infinite complete
b-ary rooted, ordered tree and start with the root as the first internal node and its b
children as external nodes. Given the random b-ary recursive tree with n internal nodes,
the n 4 1st internal node is added in the following way. We choose a random node
uniformly distributed on the set of all current external nodes, change it to an internal
one and add the b children of this new node to the set of external nodes. Finally, the
nodes are labelled in the order of their appearance.

Remark 2.1. Considering this insertion rule, the parent w of the nth internal node is
chosen with probability proportional to b— deg(u) where deg(u) is the number of internal
children of node u in the tree with n—1 nodes and each of the deg(u)+1 possible positions
for the new node are equally likely. In Panholzer and Prodinger (2007) and Kuba and
Panholzer (2010) it is shown, that this tree is the same as the b-ary increasing tree, which
belongs to the simple families of increasing trees introduced in Bergeron et al. (1992). In
Drmota (2009) this tree is also called b-ary recursive tree.

It is well known that for b = 2 the b-ary recursive tree is isomorphic to the random binary
search tree.

The random b-ary recursive tree can also be defined as uniformly distributed on the set
of ordered, labelled, rooted b-ary trees where the labels increase along each path beginning
at the root. Note that in this class we have to distinguish trees where the nodes are in
different positions, i.e. a tree where a node is at the leftmost position is not identical with
the tree where this node is at the second position from the left also if there are no other
siblings of this node. The equivalence of the distributions is already mentioned in Stanley
(1997) for the binary case (i.e. b= 2). For the general case this can be seen by induction
on the size of the tree (see [Mu] (2010))

Now, we introduce edge weights. Let Z := (Z1,...,2;) € IRZ’ZO be a random vector with
non-negative entries and attach to every node u of the complete infinite b-ary tree an
independent copy Z® of Z. We consider the entries of Z®) as weights of the edges from
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w to its b children. If all Z(" are independent of T),, we refer to T}, supplied with the
family {Z(“)} as a random b-ary recursive tree with edge weights Z.

While the entries of the vector Z may depend on each other, we assume throughout this
paper that they are identically distributed, i.e. for all ¢,5 € {1,...,b} we have

4

Z

Z; £ 7;. (2.1)

This assumption is not restrictive for the intended limit theorems as can be seen by a
permutation argument (see [Mu] (2010, p. 14-15)). Furthermore, we assume p := E[Z;]
and 0 < 02 := Var(Z;) < co.

Given a random b-ary recursive tree with weighted edges we denote by T}, 1,...,T, the
subtrees rooted at the children of the root from left to right. Let I,,; := |T, ;| be the
number of internal nodes in the subtree T, ; and I, :== (I5,1,..., 1, ) be the vector of

the subtree sizes. For the edge weight of the edge between the root of 7;, and the one of
T, we write Z; instead of Zi(o). From the definition we see that conditioned upon their
sizes the subtrees are again independent, b-ary recursive trees. This property of T, is
fundamental when using the contraction method.

The subtree sizes I, = (In1,...,1Inp) of a random b-ary recursive tree can be described
by a Pdlya urn with b colors, starting with one ball of each color, where each drawn ball
is returned to the urn with b — 1 additional balls of the same color. Then, the number of
drawings of one color corresponds to the number of internal nodes in the corresponding
subtree. We summarize some well known results needed later (see e.g. Johnson and Kotz
(1977)). The explicit formula for the distribution of the subtree size is given by

1 F(’Hb_%) T(n+1)

P(Int11=k) = . (2.2)
’ b—1 T(k+1 1
(k+1) T (n +1+4 ﬁ)
The first and second moments are
1 1 b—1 n(n —1)
E[l,1) = -n, E[I?]= 2 d Bl = 2% (23
[ n71] bn’ [ n,l] 2 — 1n + b<2b . l)n an [ n,1 n»2] b(2b o 1) ( )
For the normalized subtree sizes we have I,,/n — (D1, ..., Dy) =: D almost surely, where
D is a Dirichlet ,6’( T I distributed random vector, with parameters (b_%, e b—%)
71 PARRS 71
(see e.g. Athreya, 1969)).
Furthermore, we have the asymptotic expansions
1 b—1
Ellyilogly ] = gnlogn — g " + o(n) (2.4)
and
-1
E [I,%’l log In1] = T 1n2 logn — an + o(n?) (2.5)

as n — 0o. For details and the proof of (2.4) and (2.5) see [Mu] (2010).
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3 Limit theorems for depths and distances

In this section, we consider the depth of one (random) node and the distance between
two random nodes in a b-ary recursive tree with edge weights. The (weighted) depth of
a node is given by the sum of the edge weights along the unique path from the root to
that node. The (weighted) distance between two nodes is in the same way defined as the
sum of the edge weights along the unique path between these nodes.

With the aid of a central limit theorem in Javanian and Vahidi-Asl (2006) (see also
Kuba and Panholzer, 2010) for the unweighted depth of the nth node we conclude in the
following theorem the central limit theorem for the weighted depth of the nth node and
derive from this the central limit theorem of a randomly chosen node Dy. The result of
Javanian and Vahidi-Asl (2006) corresponds to the case of all edge weights being 1, i.e.
p=1and o?=0.

Theorem 3.1 (Central limit theorem for D,,). Let D,, be the weighted depth of the
node with label n in a random b-ary recursive tree with edge weights Z and 0 < 02 =
Var(Z1) < oco. Then we have for n — oo

b
E[D,] ~ o logn and Var(D,) ~ (u* + 02)b 1 logn. (3.1)
Furthermore, for n — oo it holds
D, — 2 ulogn
n PO 4 No, 1), (3.2)

V(@2 + )5t logn

Proof. Let D,, be the depth of the node with label n in a random b-ary recursive tree
with constant edge weights (1,...,1). The weighted depth D, is the sum of independent,
identically distributed random variables, as the path to the root never contains two nodes
at the same level. So, for independent copies Z;, of Z; we have

Dp—1
D, 2 Y 7.
k=0

Since D, is independent of the summands, Wald’s equation yields E[D,] = nE[D,] and
by direct calculation we obtain Var(D,) = u? Var(D,,) + ¢>E[D,]. Thus the claims for
the expectation and variance in (3.1) follow from the results of Javanian and Vahidi-Asl
(2006) for D,,.

Now, let @, = ;2 logn, f(z,y) = /22/(2% +y?) and Z} = (Zi — p)/o. Then we get
the representation

Dy —giplogn 4 3% Z — giyplogn
\/(02 + uz)%logn \/(02 + p?)% logn
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LZ’nJ 1 ™

\/? Z 7t + f(u, )D\ﬁ;f" (3.3)
anJ_l

1 7%
+ f(g’u)\/ng Z Zf - kZ::o Zy,

In the proof of the central limit theorem of Doeblin-Anscombe in Chow and Teicher (1997,
Section 9.4), it is shown that for n — oo the term in the last line of (3.3) converges to
zero in probability. Since the first two terms in (3.3) are independent and both converge
in distribution to normal distributions with variances f(u,o)? and f(o, u)? respectively,
we obtain, for independent standard normal distributed random variables N and N’,

b
Dy, — 52yplogn d, o N4 o N L N©,1)
VO +2)gtlogn Vot oF 4 |

Now we can transfer this result to the depth of a uniformly distributed node. For the

O]

unweighted case these result is proved in Panholzer and Prodinger (2004b) by using
generating functions.

Corollary 3.2 (Central limit theorem for Dy). Let U, be uniformly distributed
on {1,...,n} and Dy, be the weighted depth of the node with label U, in a random b-ary
recursive tree with edge weights Z and 0 < 0% < oo. Then we have for n — oo

J(o? +u) +logn

Proof. Let € € (0,1/2) and I. := [en,n]. For k € I. we have |log(k/n)| < —loge and

—%5 N(0,1).

~ lim loge + logn <

n—»00 logn ~ n—oc logn

Together with Theorem 3.1 this yields, for n — oo,

Dy — blulogn logk Di— blulogk . g log(k/n)
\/( + p?) logn logn\/ logk \/( +u) 7 logn

N

—0

45 N(0, 1). (3.4)

Since P(U,, € I.) > 1 — ¢ the convergence in (3.4) yields

Dy — ulogn
liminf lim P Un — 511708
e—0 n—oo \/(0_2 +,U ) logn

<z,U,€l. | - P(N <ux),
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for a standard normal distributed random variable N. The claim follows with

Dy, — %u logn

lim sup lim sup P <z,U, ¢ 1. | < limsupP(U, ¢ I.) = 0.
e—0 n—00 \/(02 + ,LL%% logn e—0

O]

We now turn to the distance between two random nodes. In the unweighted case, the
central limit theorem is proved by using generating functions in Panholzer and Prodinger
(2004b). We give a short self-contained proof of this result which is based on a simple
stochastic argument which traces the problem back to the depth of random nodes.

The distance is given by the sum of the edge weights along the unique path between these
nodes. This path can be found by starting at each node and going up in the tree until
the two paths coincide. The node at which the two paths meet is called the last common
ancestor (LCA) of the nodes.

The key idea is to express the distance as the sum of the respective depths of the two
nodes minus two times the depth of the last common ancestor. We first show that the
latter one is bounded in probability. A similar idea is used in the recent thesis of Ryvkina
(2008) in the case of random split trees.

Lemma 3.3 (Depth of LCA). Let U, and V,, be two independent random variables
uniformly distributed on {1,...,n}. Denote by R(n) the (unweighted) depth of the last
common ancestor of the nodes U, and V,, with labels Un and f/n respectively in a random
b-ary recursive tree of size n. For any real sequence f, with f, — oo we have, as n — oo,

Proof. Let E [I,1] = ajn and E [Iﬁ}l] = apn® + asn with a; € R. First, we note that for
m >0

P(R(n) > m) = (bao)™ + r(m,n), (3.5)

where r(m,n) < m(max{oy, a2, az}b)™L.

This can be seen in the following way. If we have R(n) > m+ 1, both nodes have to lie in
the same subtree and the depth of the last common ancestor related to this subtree has
to be greater than m. Conditioned upon the sizes of the subtrees, the depth of the last
common ancestor related to the subtree with size k; is distributed as R(k;). We obtain

b
P(R(n)=m+1)= Y _ Y P(R(n)=m+1,Un Vo € Ti| I = k)P(I, = k)
keNG i=1

b /h\2
=>»> <n> P(R(k;) > m)P(I, = k). (3.6)

kel i=1
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Equation (3.5) can now be proved by induction on m. In our case we have
max{ay,ag,az} = . This yields for every ¢ > 0 and any sequence f,, with f, — oo

and fn = o(n)

€fn

P(R(n) > ef,) < (bao)* + e —0

since 0 < ag < 1/b. Then surely P(R(n) > ef,) — 0 holds also for any sequence
frn — 00. m

Lemma 3.4. Let U,, V, be two independent random variables uniformly distributed on
{1,....n} and AUn v, be the (unweighted) distance between the nodes U, and V,, with
labels U, and V,, respectively in a random b-ary recursive tree of size n. Then we have
for n — oo .

A, v — 252 1logn d

,/leogn

Proof. The unweighted distance between U, and V,, is given by

5 N(0,1).

A N/ /
Au,.v, = Dy, + Dy,

where D;Jn = Dy, — R(n) is the unweighted distance between U,, and the last common
ancestor of Uy, and V;, and Dy, is defined similarly. Since Dy, and Dy, are independent by
the construction of the tree, the claim follows by application of Lemma 3.3 and Corollary
3.2. O

After these preliminaries we now obtain the central limit theorem for the distance between
two uniformly distributed nodes in random weighted b-ary recursive trees.

Theorem 3.5 (Central limit theorem for the distance). Let U,, V;, be two inde-
pendent random variables uniformly distributed on {1,...,n} and Ay, v, be the distance
between the nodes U,, and V,, with labels Un and f/n respectively in a random b-ary recur-
sive tree of size n with edge weights Z where Var(Z1) = 0% € [0,00). Then we have for

Av, v, — ﬁ#log” d,

\/2 o2+ p2) 5% logn

— N(0,1),

where = E[Z].

Proof. We prove the claim in analogy to the proof of Theorem 3.1. We make use of the
fact that the weighted distance is given by the sum of the edge weights along the path
between U,, and V,,. This path consists of AUH,VH edges, as given in Lemma 3.4. Except for
the two edges which belong to the last common ancestor of U,, and V,, the edge weights
in the sum building the weighted distance are independent. Hence we have the following
representation of Ay, v,

AU'ran72
d ~ A ~
Av,v, & Y. Zit L+ 2
i=1
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where Zl, ce Zn, (21, Zg) are independent and Z; 4 Z1.
Using the same arguments as in the proof of Theorem 3.1 as well as Lemma 3.4, we
conclude the proof. The additional term Z1 + Zy vanishes due to the scaling. O

4 The internal path length and the Wiener index

The internal path length of a tree is the sum of the depths of all nodes. The Wiener index
of a tree is the sum of all distances between pairs of nodes. We denote by P, the internal
path length and by W,, the Wiener index of a random b-ary recursive tree of size n with
weighted edges.

The vector consisting of the Wiener index and the internal path length satisfies a recursion
formula in dimension two. We will use this recursion to establish a limit theorem via the
contraction method. Since we apply the contraction theorem in Lo we have to center
this vector. Therefore, we have to derive an asymptotic expansion of the expectation of
the internal path length and of the Wiener index. The expectation of the internal path
length is given in Bergeron et al. (1992) for the unweighted tree. It can also be obtained
by summing up the exact expectations for the unweighted depths given in Javanian and
Vahidi-Asl (2006).

Unlike for the internal path length, it seems that there is no simple way available so far to
determine the expectation of W, directly . In Roura (2001), the asymptotic expansion of
a certain class of recursively defined sequences is proved. We show that the expectation of
the Wiener index belongs to this class and we obtain accordingly the needed asymptotic
of the expectation.

Lemma 4.1. Let (W, P,,) be the vector containing the Wiener index Wy, and the internal
path length P, of a random b-ary recursive tree of size n with edge weights Z. Then we
have the recursion formula

<IJA3/:> - Zb: [(1) ' —1In,,] (Z%) +b(n) (4.1)

(
i=1 Tni
with ,
Zi:l Zi—rn,i

where  (Z1,...,Z), Wy, Ppn), ( 7(11), P7(ll)), co( T(Lb), P7(Lb)) are independent  and
(W, Py £ (W, P,) fori € {1,...,b}.

Proof. Let T, be a random b-ary recursive tree with weighted edges. By P, ; we denote
the internal path length of T;, ;. For uw € T}, ; let Dq(f) be the depth of node w in T, ;.
Thus, Dg) is the sum of the weights of the edges along the path from node u to node i.
Obviously Dq(j) + Z; = D,. So we obtain

b

Py =Y (Pui+ Ziln;). (4.3)
=1
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The Wiener index is given by

W, = Z Ay

{uv}CTy
uFv

where A, ,, is the weighted distance between v and v. We distinguish between two cases—
either both nodes u, v lie in the same or in different subtrees of the root—and rewrite
the Wiener index

b
Wn = Z Z Au,v + % Z Z Au,v + Z AO,u-

i=1 {uyv}eTn,i i#£j u€Thn ;i u#0
UETn,j

For uw € T}, ; and v € T;, ; with i # j we have A, , = D&i) + fo,j) + Z; + Zj. Summing this
up we get
Z Au,v = In,an,i + In,iPﬂ,j + (Z’l + Zj)InviInJ'

ueTn,i
’UETnﬂj

With 2, Inj =n —1—I,; and (4.3) we obtain

b b
1
W, = E (Wnﬂ' + (n — In,i)Pn,i) + E ZiIn,i + 5 E (Zz + Zj)LL,iIn,j-
i=1 i=1 i#]

The claim follows since the subtrees are (conditioned upon their sizes) independent ran-
dom b-ary recursive trees. O

In order to apply the contraction theorem to the vector (W, P,,) we have to identify the
expectation. In Bergeron et al. (1992) the first and second order terms of the expectation
of the internal path length of b-ary recursive trees without edge weights are determined.
Since the edge weights and the shape of the tree are independent we obtain with Wald’s
equation the following lemma.

Lemma 4.2. Let P, be the internal path length of a random b-ary recursive tree with
edge weights Z. Then there exists a constant ¢, € R such that for n — oo

E[P,] = &un logn + ¢pn + o(n). (4.4)
Remark 4.3. Lemma 4.2 can also be proved by a direct calculation using an exact for-
mula for the expectation of the unweighted depth given in Javanian and Vahidi-Asl (2006).
We then obtain the constant c, in (4.4) in terms of an infinite series. As remarked by
a reviewer, this series can be expressed in a closed form by using the psi function (also
called the digamma function), which is the logarithmic derivative of the gamma function,

i.e. P(u) =T"(u)/T(u), and we obtain

B 20 -1
Cp—b_1<‘1‘b¢<b_1>>'
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It remains to determine an expansion of the expectation of the Wiener index. From
equation (4.1) we obtain

b .
BW,) =Y E w2 | + Blt(n)]
with ,
tn) ==Y (n—I;)P +bi(n) (4.5)
=1

where b1 (n) denotes the first entry of the vector b(n) in (4.2). Since all subtrees and their
sizes are identically distributed the above equation can be simplified:

BW,) = b3 EWP Iy = K) + Elt(n). (4.6)
k=0

There is no obvious way to solve this recurrence. But to apply the contraction method a
second order asymptotic expansion of the expectation is sufficient. In Roura (2001), cer-
tain recursions as in (4.6) are considered and some sufficient conditions for the asymptotic
expansion of the solution are identified. We need two notions from Roura (2001).

Definition 4.4. Let w(z) > 0 be a function on [0,1] such that 1 < folw(z) dz < oo.
Furthermore, assume that there is some p < 0 such that folw(z)z“ dz converges. Then
we say that w(z) is a shape function.

Definition 4.5. We say that

F, = { Fosmn (4.7)

tn + D 0<ken Wkl fn>N
is a ‘continuous recursive definition’ of F,, iff there exists some shape function w(z), some

constant 0 < g < 1 and some function M, = O(n?) with integer values such that, with
Znj =J/Mp, 0 < j < M, with I, j = [2njn, 2n j+1n), 0 < j < M, and with

Zn,j+1
Enj = Z wnjk—/ w(z)dzl, 0<j<M,,
kely ; Zn,j

Z en,j = O(n~?) for some o > 0.
0<j<Mp,
One of the main conclusions of Roura (2001) is the following theorem.

Theorem 4.6 (Roura (2001, Theorem 3.3 (1))). Let F,, be a function defined by a
continuous recursive definition, and let Bn®log® n-§, be the main term of t,,, where B > 0,

a and c are arbitrary constants, and &, = pn or & = 1/u, for some sublogarithmical
function py,. Let p(z) = fol w(z)z® dz, and H =1—p(a). If H > 0, then

FnNtn/H
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To determine the asymptotic expansion of E[WW,] via this theorem we have to find the
asymptotic expansion of E[t(n)] and we have to show that (4.6) is a continuous recursive
definition of E[W,,].

Lemma 4.7. For N = 1, by = 0 and w, = bk/nP (I,1 = k) equation (4.7) is a
continuous recursive definition with the shape function w(z) = b/(b—1)z1/®=1,

Proof. We set M, = n, by = 0 and Fy := 0. It is clear that the given function w(z) is a
shape function.

For the proof it is sufficient to show

n—1
k=0

Wk = [ w(z) dz

:()(n*ﬂ%ﬁ>. (4.8)

n

For k = 0 we have fol/nw(z) dz = n=%®=D_ Thus, it suffices to consider the terms with
k > 1. Since w is increasing we have

1 1

1 b1 n 1 1\ &1

b 1k 1§/ w(z) de < —0 L (EE b
b—1n\n k b—1n n

This implies

b 1 1 1
< - = =1 _ b=
S (6 + 15 — k1)

Ll

where we used (k + l)bfll e < 1. With the triangle inequality we get
_1
b 1 [(k\o1 N
w . — —
Ry 1n \n
Using (2.2) and Stirling’s formula for the Gamma function, we obtain by analytical
_1
b 1 [(k\oT
w S — —
Ty 1n \n

for all k € {1,...,n — 1}. Summing up (4.9) for k = 1,...,n — 1 shows (4.8) and the
proof is finished. O

k+1
n

Wk —/k w(z) dz

<

computations

0 (n—l—ﬁ> (4.9)

For using Theorem 4.6 to obtain the asymptotic behavior of E[W,,] it remains to identify
the first order term of E[t(n)] in (4.5). Using that all subtrees are identically distributed
we get from equation (4.5)

E[t(n)] = bE |(n — L) PLL, | + b ] 4 b(b = DRE Iyl

,1
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Since I,,1 < n we have buE [I,1] = o(n?). By Lemma 4.2 there exists a function &1 with
e1(n) = o(n) for n — oo such that

b
E[R,) = Tk logn + cpn + e1(n) for all n € IN.
This yields
n—1
E [(n - In,l)P}m -3 E [(n ~L)P | Iy = k:} P (L1 = k)
k=0

b
=n <b1'uE In1log In1]) + cpE [Ih1] + E ey (In,l)]>

b
— (b —HE (12 11og Ina] + o E [IEM) + o(n?).

Since almost surely I, 1 — oo we have E [e; (I1)] = o(n) and using (2.3), (2.4), (2.5) we
finally obtain

Et(n)] = b n?logn + b_lc— b b n? + o(n?) (4.10)
Togp M8 %17 (2—132" ‘ '

Combining these results we obtain an asymptotic expansion of E[WW,] of second order.

Theorem 4.8 (Expectation of Wiener index). Let W,, be the Wiener index of a
random b-ary recursive tree of size n with edge weights Z. Then there exists a constant
cw € R such that for n — oo

b
EW,] = m/mQ logn + cun? + o(n?).

Proof. 1t suffices to show that for n — oo

1 b
Gy = — <E[Wn] — ——un? logn> ~ CypN.
n b—1
From equation (4.6) we get the recursion
n—1
Gn = an,ka + Sn,
k=0
with wy, ; as in Lemma 4.7 and
b = b
ns, = E[t(n)] — ﬁunQ logn + kzo bP(I,1 = k)mﬂk2 log k

2

b
= E[t(n)] — ——pun?logn +

b_1 b— 1ME [13,1 log In,l] .
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Using equations (2.4), (2.5), and (4.10) we also obtain

b—1 b
ns, = <2b— 16~ 55 1,u> n? + o(n?).

=:C
In short, we write s, = én + o(n).
Lemma 4.7 shows, that G, is defined by a continuous recursive definition. The main
term of s(n) is given by én. We set &, =1, a =1, ¢ =0 and B = ¢. Then it is B < 0.
For using Theorem 4.6 we need B > 0. Multiplying the recursion by —1 shows that
Theorem 4.6 also works in the case B < 0. In the terminology of Roura (2001) we will
show H =1 — ¢(1) > 0. Note that

Therefore, H = (b —1)/(2b — 1) > 0 and Theorem 4.6 yields Gy, ~ s(n)/H. Thus we
finally get the expansion

b
EW,] — ﬁ/mQ logn = c,n* + o(n?)

with ¢, :=¢p, — b/(b—1)p. O

After determining the asymptotic expansion of the expectation we next use the recursion
formula for the vector consisting of the internal path length and the Wiener index to
show a limit theorem via the contraction method.

Theorem 4.9 (Limit theorem for (W,, P,)). Let (W,, P,) denote the vector of
Wiener index and internal path length of a random b-ary recursive tree of size n with
random edge weights Z, where 0> = Var(Z1) < co. Then we have

Iy ((Wn —E[Wn]’ Pn—E[Pn]> ,(VV,P)) 50

n? n

where (W, P) is the unique distributional fixed-point of the map T : M&Q — M(%,Q given

forve M%Q by
D2 Dy(1—Dy)] (X1 b
i=1 g 2 2

with
b
(1) = LS () o (S (4720 o) i
’ o >im1 ZiD;
where D := (D1,...,Dy) has the Dirichlet distribution with parameter (1/(b —

1),...,1/(b—1)), LXD) = v for XO = (Xfi),XQ(i)), and XV, ... X D 7 are
independent.
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Proof. We define w,, := E[W,] and p,, := E[P,] and obtain from (4.1) for the standard-
ized vector X,, the following recursion

WrL wn b
— ") (n)

with )
n,t In,i 71n,i
A(n) — # O [1n-— In,i IEM 0 _ | %

i - 0 % 0 1 0 In,z' 0 s

T
and b = (b@, bg")) where

b
b
= — ZZlm—i— ZZ—FZ n,iln.j b_l,un2logn—cwn2—|—0(n2)
Z#J

b
+ Z wIn,i +n ZPI,M- - Z In,i pIn,i}
=1 i=1 i=1

b

and
b

n I’I’L,i b
bg)::ZZi . —mulogn cp+o(l Zplm
=1

Using Z;’:l I,; =n —1it follows

(n—1) + o(n?)

nzplnz_b%ﬂn logn_nbi,uz[nz
i=1
and
ijm ZIMPIM* ZIZ +o(n

The equation

b 2
Imi In,iIn,j
=2 (n) =Y 5 +o(l)

i=1 i#]
yields with Z;I,,; = o(n?) and ¢, — ¢,y = b/(b— 1)
b I L s
Ing (Zi+ Zj) + ——p ) =2 1. (411
B b_luz ;( )+ o) o). )

By similar arguments we have

bb
2b—z

b I .
SN 7 Z +o(1). (4.12)

i=1
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In order to use the contraction method as in Neininger (2001, Theorem 4.1) it suffices to
show that for n — oo

<A§”),...,A,§”),b(">> 2 (A, AL, (4.13)
E {1{1n,¢<z}u{fn,i=n} (AT A Op] -0 (4.14)

for all [ € N and ,
> BlanT A, <1 (4.15)

i=1

where || - |lop is the operator norm.

Let D := (Dy,...,Dy) be the almost sure limit of I,,/n, which is Dirichlet distributed
with parameter (1/(b—1),...,1/(b—1)). By equations (4.11), and (4.12) we have almost
surely 8™ — b* as n — oo with

b 1 b

b Yz + z; D;D;

b =—=ny DilogD; <1>+ 21#(2( +b JHb—l“) 7
b—1" < 1 S | Z:D;

i=1
By the boundedness of the function  — zlogz on [0, 1] and as I, ;/n € [0, 1] there exists
a constant C' such that 1
oY <c+ 5312+ 7).
i#]

2
By the assumption that F[Z?] < oo, we get the uniform integrability of bgn) and con-

sequently the convergence of bgn) with respect to the Lo-norm. Similar arguments yields

(n) (n)

the Lo-convergence of by * and the convergence of A; with respect to the Lo-norm to

A’F:

)

[D3 Dy(1 — Di)] _ (4.16)

0 D;

This shows condition (4.13).
Condition (4.14) follows from the deterministic boundedness of ||A§n)]\op and from the
fact that

lim P({I,; <l}U{l,;=n})=0

n—oo
which results from (2.2) or the almost sure convergence of I,,/n to a continuous distri-
bution.
It remains to show (4.15). Solving the characteristic equation for the matrix (A7)T A we
obtain that its eigenvalue A(D;) being larger in absolute value is given by

\D;) = D? (1—Di+D?+ (1—Di)«/D3+1> .

Elementary calculations show z > 2?(1—z+2?+ (1 —x)va? + 1) for all z € (0,1). Thus,
we obtain
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which finally yields

b

> e Az,

=1

E =F

O]

Remark 4.10. Since convergence with respect to the la-metric implies convergence of
the second moments Theorem 4.9 shows for the variance of P,

Var(P,) ~ Var(P)n?

where Var(P) < oo can be calculated via the fized point equation in Theorem 4.9.

5 Application to linear recursive trees and PORTSs

The results on random weighted b-ary trees imply also limit theorems for further classes of
recursive trees with not necessarily bounded outdegree of the nodes as random recursive
trees or plane oriented recursive trees (PORT).

Pittel (1994) introduced the so called linear recursive tree in which for every new node
the parent u is chosen from the already existent nodes with probability proportional to
1+ pdeg(u), where 8 > 0 is the parameter of the tree and deg(u) denotes the number of
internal children of node u. For § = 0 we obtain the random recursive tree. The plane
oriented recursive tree—going back to Szymanski (1987)—without the consideration of
the orientation correspond to case 5 = 1.

For our purpose, we consider the random linear recursive tree with parameter 8 € INy and
give a construction in this case. Starting with one internal node and one external child of
it, in each step a uniformly distributed external node is chosen and replaced by an internal
one. Furthermore, in each step 8 + 1 external siblings and one external child of the new
node are added to the tree. By this construction, the number of external children of a
node u is given by 1+ fdeg(u) which corresponds to the weight defined above. Since the
new node is chosen with uniform distribution on the set of external nodes, the probability
that an internal node becomes the parent of the new node is proportional to 1+ Sdeg(u).
Hence, this construction yields the linear recursive tree with parameter 3.

Let T denote the linear recursive tree with parameter 5 and consider simultaneously the
b-ary recursive tree with b = 8 4 2 and edge weights z := (1,0,...,0) denoted by T".
The tree T with two internal nodes corresponds to the tree 7" with one internal node. In
both of these trees, we have the same number of external nodes. We identify the internal
node labelled 2 in T with the root of T and the external siblings of the first one with
the external children of the root in 7" where the edges have weight 0. The external child
of node 2 in T corresponds in T” to the child of the root where the edge has weight 1.
Now, in both tree models and in each insertion step an external node is chosen, changed
to an internal one and b external nodes are added. We identify these new nodes in the
same way as above, i.e. the new external siblings of the new internal node T correspond
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to the children of the corresponding new internal node in 77 where the edge weights are
0 and the child of the new node T is identified with the child of the new node in 7" where
the edge weight is 1. Then, the depth of a node in the linear recursive tree is equal to
the weighted depth of the corresponding node in the b-ary recursive tree plus one.

This relationship between both tree models is already used in Broutin and Devroye (2006)
when investigating the height of linear recursive trees. In Figure 5.1 a linear recursive
tree T and its correspondent b-ary recursive tree T’ for the case b = 3 is shown. The
nodes in 7" indicated by small squares correspond to the nodes in T" which are children
of the root.

7
6 11 8 10

Figure 5.1 A linear recursive tree T with eleven nodes and its correspondent ternary tree
T’ (without the edge weights)

A fundamental difference between both tree models is that the b-ary recursive tree is an
ordered tree, and the linear recursive tree is not. To obtain a transformation between both
models, one can define an equivalence relation on the set of ordered b-ary trees which
identifies trees that correspond to the same linear recursive tree. If ¢(7,(n)) denotes the
set of equivalence classes of b-ary recursive trees with n nodes and 7,41 the set of all
unordered recursive trees with n 4+ 1 nodes, one can show the following lemma.

Lemma 5.1. For any n € IN there exists a bijection
@ Tny1 = P(Tp(n)).

Moreover, let Thn(b,l)(n + 1) be a random linear recursive tree of size n+ 1 and Tpi1(n)
be a random b+ 1-ary recursive tree of size n. Then we have

Y(Tyy1(n))

This lemma can be proved rigorously by induction on n (for the details see [Mu] (2010)).

< o(Tinp—1)(n +1)).

To transfer the limit results for functionals of random b-ary recursive trees to random
linear recursive trees we have to investigate the behavior of the functionals under the
bijection . For a node u € T' we denote the subtree of T rooted at u by T,. Let

M={(u,v) eTxT|veT,}

be the set of all pairs of nodes such that the second one lies in the subtree which is rooted
to the first one.
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Lemma 5.2. Let ¢ denote the bijection of Lemma 5.1, let T be a recursive tree and let
©(T') be weighted with the edge weight vector z = (1,0,...,0).

a) Let D(u) denote the depth of node u in T and let Dy(w) denote the weighted depth
of node w in o(T'). Then we have D(u) = Dy(p(u)) + 1 for all nodes u which are
different from the root.

b) Let A(u,v) denote the distance between node u and v, where the label of node u
is less than the label of v, in the recursive tree T and Ap(¢(u), p(v)) the distance
between the corresponding nodes in o(T). Then

Alu,v) = Ap(p(u), ¢(v) + 2 Ly p)ger-

The proof is by induction on n (see [Mu] (2010)). From these relationships between the
depth and the distances in recursive trees and their images under ¢ we can now deduce
formulas for the internal path length and the Wiener index in linear recursive trees. For
a tree T' let P(T) denote its internal path length and W (T") its Wiener index.

Corollary 5.3. Let ¢ be the bijection of Lemma 5.1, let T be a recursive tree with n
nodes and let p(T) be the weighted b-ary tree with edge weight vector z. Then we have

P(T)=P(p(T)+n—1 (5.1)
and
W(T) = W(p(T)) + (n—1)* = P(o(T)). (5.2)

Proof. Part a) of Lemma 5.2 immediately yields (5.1).
To see (5.2) we argue as follows. By part b) of Lemma 5.2 we get all distances between
nodes other than the root. So we have with (5.1)

W(T) = D (B(e(w)p(v) + 20 guuyer) + > AL )

l<u<v 1<w

=W((T) +2 Y L +P(T)

— W (p(T)) + 2 1(62; 1) - |r|> + P((T)) +1— 1.

So we have to determine |I'|. For v € {2,...,n} there are exactly D(v) nodes along the
path from v to the root including the root. This means there are D(v) — 1 tuples in I’
where the second entry is v. Summing over all v € {2,...,n} yields

IT| = P(T) — (n—1) = P(p(T)).
So, we finally get

D ) + P 41

= W(p(T)) + (n —1)* — P(p(T)).

W(T) = W((T)) + 2 (
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For the functions considered it does not matter whether we weigh the edges of a random
b-ary recursive tree in a definite order or not. In order to apply the results of the last
sections we need the edge weights to be identically distributed. So we take as edge weights
the vector (Z1,...,2Z;) with

P((le--,Zb):ei):,

for e; = (1,0,...,0), e2 = (0,1,0,...,0)... and thus g = 1/b and 0% = (b — 1) /b%.
As a result we obtain the corresponding limit theorems for random linear recursive trees
combining Lemmas 5.1, 5.2 with Theorem 3.1.

Theorem 5.4 (Depth of node n). Let D,, denote the depth of the node with label n in
a random linear recursive tree of size n with weight function u — 1+ (b — 2) deg(u) for

b > 2. Forn — oo we have E[D,]| = ﬁ logn+o(logn), Var(D,,) = ﬁ log n+o(logn)
and

D, — ﬁlogn d

— N(0,1).
,/ﬁlogn

Similarly using Corollary 3.2 and Theorem 3.5 we obtain a limit theorem for the depth
and distances of random nodes.

Theorem 5.5 (Depth and distance of random nodes). Let Dy denote the depth
and Ay,y the distance of uniformly distributed nodes U,V in a random linear recursive
tree of size n with weight function u— 14 (b — 2) deg(u) for b > 2.

For n — oo we have E[Dy] =1/(b—1)logn + o(logn),

Dy — E|D
Du = EIDu] 4, g q),
,/b%l logn
Further E[Ayy] =2/(b—1)logn + o(logn) and
Ayyv — E[Ayy] 4

— N(0,1).
w/Qﬁlogn

Finally the following limit theorem for the internal path length and the Wiener index is

a consequence of the imbedding procedure and Theorem 4.9 for random b-ary recursive
trees.

Theorem 5.6 (Limit theorems for P, and W,,). Let W,, denote the Wiener index
and P, the internal path length of a random linear recursive tree of size n with weight
function u— 1+ (b — 2)deg(u) for b > 2. Then we have for n — oo

1
E[P,) = ﬁnlogn + (cp + 1)n+o(n)
and

1 b—2
E[W,] = b—ilrﬂ logn + (cp + b—1> n? + o(n?)
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where ¢, is given in Remark 4.3. Furthermore, we have

(Wn — E[Wn]’ P, - E[Pn]> d, (W, P)

n? n
where L(W, P) is given in Theorem 4.9.

Proof. The expectation of P, and W,, follows directly from Lemma 4.2, Theorem 4.8
(with ¢, = ¢, —1/(b— 1)), Corollary 5.3 and Lemma 5.1.

Let ¢ be the bijection of Lemma 5.1. Let T,, be a random linear recursive tree of size n
with weight function u +— 1+ (b — 2) deg(u). Then, Remark 4.10 yields

o <P<w<Tn>>—E[P<so<Tn>>}70) P

n =
n2

The combination of Corollary 5.3 and Theorem 4.9 now implies the claim. O

Random plane oriented recursive trees without the order of the nodes equal in distribution
the random linear recursive trees with parameter § = 1. Since the considered functionals
are invariant under changing the order of the tree the limit theorems above provide in
particular the limit theorems for the plane oriented recursive tree. Limit theorems for the
depth of a (random) node and the distance between two random nodes, as well as the
expectation of the internal path length and of the Wiener index are given in Morris et al.
(2004). The limit theorem for the depth of node n in the plane-oriented recursive tree is
proved in Mahmoud (1992). We obtain the results for PORTSs as corollary of Theorem
5.6

Corollary 5.7 (PORTS). The depth of the nth node and of a random node, the distance
of two random nodes, the internal path length and the Wiener index of a PORT satisfy
the same limit theorem as in the case of random linear recursive trees in the case b = 3.
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