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Abstract

In this paper we consider stochastic recursive equations of sum-
type x< Zfil A; X;+b and of max-type x< max(A; X;+b;;1 <i <k)
where A;,b;,b are random and (X;) are iid copies of X. Equations
of this type typically characterize limits in the probabilistic analysis
of algorithms, in combinatorial optimization problems as well as in
many other problems having a recursive structure. We develop some
new contraction properties of minimal L ,-metrics which allow to es-
tablish general existence and uniqueness results for solutions without
posing any moment conditons. As application we obtain a one to one
relationship between the set of solutions of the homogeneous equation
and the set of solutions of the inhomogeneous equation for sum- and
max-type equations. We also give a stochastic interpretation of a
recent transfer principle of Rosler (2003) from nonnegative solutions
of sum-type to those of max-type by means of random scaled Weibull
distributions.

1 Introduction

Stochastic recursive equations of the sum and max-type arise in a great vari-
ety of problems with a recursive stochastic component as in the probabilistic
analysis of algorithms or in combinatorial optimization problems. For a list of
examples in these areas see the recent survey of Aldous and Bandyopadhyay
(2004) on max-recursive equations and Neininger and Riischendorf (2004a)
on additive equations. In particular the limiting distribution of parameters
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of algorithms of divide and conquer type leads typically for additive param-
eters like path length or insertion depth in random trees to equations of the
sum-type while parameters like worst case behaviour, height of random trees
and others lead typically to equations of max-type. The contraction method
is an effective tool for proving limit theorems and existence and uniqueness
results for recursive algorithms and in particular for recursive equations.
The method was introduced for the analysis of the Quicksort algorithm in
Résler (1991) and then developed further independently in Rosler (1992)
and Rachev and Riischendorf (1995) (this paper was submitted in 1990).
It was then used and extended to the analysis of a large variety of algo-
rithms in a series of papers; see in particular Rosler (2001) and Neininger
and Riischendorf (2004a, 2004b, 2005) which give general and easy to apply
conditions for convergence results. The contraction method has also been
successfully applied to some nonlinear stochastic equations as e.g. for the
analysis of iterated function systems, random fractal measures and fractal
stochastic processes (see [24, 12, 13, 14]).

There has been an extensive literature on the characterization and existence
of additive equations of the sum-type (as for branching type processes) and
quite general existence results are known for the homogeneous nonnegative
case (see [2, 3, 4, 7, 17] and [18]). Contraction arguments based on suitable
probability metrics for this problem are given in [26, 24, 5].

In particular the minimal L,-metric /, and the Zolotarev metric (; have been
applied to stochastic equations. For sum recursions the metrics ¢, and (s are
particularly well suited. They yield good contraction factors for the distri-
butional operator 1" on the set M, of distributions with finite s-th moments

T: Mg — My (s=2in case {(5) (1.1)

K
TX £ AXi+b
i=1
where (X;) are iid copies of X and (A;,b),1<i<k are independent of (X;) and

2 denotes equality in distribution. One obtains:

GTX, TY)< E <§: Af) Z(X,Y) (1.2)

i=1
if FX = FEY and for all s >0
K
GITX,TY)<EY JA[F G(X,Y) (1.3)
i=1
see [26, 23, 24]. For 0 < s < 1, /4 has the same good contraction factor
ES K Al as the (,—metric but for 1 < s < 2 one only obtains

((TX,TY) < K, (EZK: \A,-|S> ; Ly(X,Y) (1.4)

i=1
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for any coupling (X,Y) with E(Y — X) = 0 with a constant K, > 1
see Rachev and Riuschendorf (1992). Inequality (1.4) is based on Woy-
czynskis inequality. It is valid in general Banach spaces under a type

condition. For real random variables the type is 2 and K, can be taken as
1
K, =18s2(s—1)2 for 1 < s < 2.

For max-type recursions it has been established in Rachev and
Riischendorf (1992, 1995) and Neininger and Riischendorf (2005) that the
minimal Lg-metric ¢, is also well suited even not being an ideal metric in the
sense of Zolotarev. For the max operator

TXE\/(AX; + ;) (1.5)

i=1

where again (X;) are iid copies of X, independent of (A;,b;),1<i<k, and \/
denotes the maximum one obtains for any s > 0

1a1

s

((TX,TY) < <EZK: ]AZ-|S> ((X,Y) (1.6)

The contraction properties in (1.3)—(1.6) can be extended to random K or to
K = 0o as well as to Banach spaces but in this paper we restrict to the case
of distributions and random variables in IR'. If not necessary we will use
freely random variables or their distributions as arguments of the metrics.
For the application of contraction arguments to the problem of existence
and characterization of solutions in the sum case it is important to be
able to apply the /;-metrics also in domain 1 < s < 2 since they allow to
obtain much easier upper estimates for the sum-recursive equation in (1.1)
compared to the Zolotarev metric (5. In section 2 we prove that in spite of
the bad contraction factor K in (1.4) one can get existence and uniqueness
results for sum recursions w.r.t. ¢, for any 1 < s < 2 under the natural
contraction condition 7y = E Zfil |A;|* < 1. The proof of this result uses a
coupling construction based on weighted branching trees. We then extend
the existence results without using any moment conditions on the solutions.
To this aim we introduce a new variant of the minimal L,-metric called
¢9 which allows to apply contraction arguments without involving moment
conditions. This extension of the applicability of £, metrics to the analysis
of sum equations is the main contribution of this paper.
As consequence of these developments we obtain an interesting equivalence
theorem which establishes a one to one relationship between the set of all
solutions of homogeneous and inhomogeneous additive recursive equations.
For max-recursive sequences the minimal L ,-metrics ¢, have been shown in
a recent paper of Neininger and Riischendorf (2005) to be ideally suited for
existence and stability results. In section 4 we establish the corresponding
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one to one relationship for max-recursive sequences.

We also give an analogue of Guivarchs transformation method for sum

recursions (see [10]) to the case of max-recursive equations. This principle
allows to transfer nonnegative solutions of additive stochastic equations to
max-recursive equations. A central role in this transformation is taken by
the Weibull distribution and the solution set constructed this way can be
seen as set of random scaled Weibull distributions. In operator language
this transfer was detected recently by Rosler (2003).
A basic source for max equations arises from limits of max recursive se-
quences. We end the paper by an application of the recent limit theorem
for max-recursive algorithms in [21] to the limit for the worst case of FIND,
which is characterized by a max-recursive stochastic equation.

2 Additive recursive equations — analysis by
£.~-metrics

For probability measures p,v € M = M'(IR', B') we denote for s > 0 by
ls(p, v) the minimal Lg-metric

0y(u, v) = inf {(E|X YR x Ly, Yiu} (2.1)
We use synonymously also the notation £4(X,Y") or £5(X, ) for the distance
of the corresponding distributions. While £4(p,v) in (2.1) is defined for all
i, v € M it will be finite only if v is in the ¢, surrounding M(u) of p,

M, () :=A{v € M; Ly(p,v) < oo} (2.2)

For any € M, — the class of all probability measures with finite s-th
moments — holds

M (p) = M, (2.3)

in particular My = M(gp). For s > 1 we will additionally have to consider
subsets of M, (i), where the first moment is fixed to have the value ¢,

M(p,c) ={v € My;ls(p,v) < o0, Ev = ¢} (2.4)

Let T denote the operator on the set of probability measures corresponding

to (1.1), TX 4 Zfil A; X; +b. The {,-metrics have the following contraction
properties w.r.t. the operator 7'.

Lemma 2.1 Let g € M and p,v € Ms(uo) then
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a) For any s > 0 holds with r :== min(s, 1)
K
(T Tr) < STEIAF G ) (25)
i—1

b) For s =2 and pu,v € Ms(uo,c) holds

O(Tu, Tv) < (EZA ) % (2.6)

c) For 1 <s <2 and p,v € M(ug,c) holds

Us(T'p, Tv) < K (EZ |Ai|s> | Cs(p,v) (2.7)

i=1
where K1 =1, K, = 183%(3 — 1)%,1 <s<2

For the proof of Lemma 2.1 see Rachev and Riischendorf (1992, resp. 1995,
Prop. 2, 3) respectively Rosler (1992) for s = 2. The results are stated there
for the moment class M, but can be extended to the generalized classes
M (o) resp. M(po, ¢) considered here. The cases s =2 and 0 < s < 1 lead
to existence and uniqueness results for additive recursive stochastic equations
of the type

TXLX (2.8)
under the natural contraction condition

K
=E) |Al <1 (2.9)
i=1
in M(up) for 0 < s <1 resp. Ms(p,c) for s = 2.
Theorem 2.2 Assume that ns < 1 and consider the stochastic equation
K
XEN " AX; +0 (2.10)

a) If 0 < s < 1 and pg € M satisfies Us(po, T'o) < oo, then (2.10) has a
unique solution in Ms(fp).

b) If s=2 and b e L' and if l3(po, Tro) < oo for some g € M and

K

b1) Eb=0 and E) Ai=1 or (2.11)
=1 Eb

b2) EZA #1 andlet ¢ = (2.12)

K
i=1 1_EZi:1Ai
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then (2.10) has a unique solution in My (g, c) for any c € R* under b1) and
in Ma(uo, c*) under b2).

Proof:

a)

We have to establish that T : M(uo) — M(po).
Let p € M(po), then there exist rv’s Xi,uo,Yi,u with E|X —Y|* <
oo. Let (X;,Y;) be iid couplings with (X, Y;)i(X, Y'), then

K K
W= AYi+bETu and V=Y AX;+b=ETho

i=1 i=1
are couplings of T'u, T'uy with

K
EW-V|<> EAFE|IX -Y| (2.13)

i=1

(cp. (2.5) for 0 < s < 1). By assumption fs(po, o) < co. Thus there
exist couplings U, U of pg, Tpo with E U — U |* < 0o. Without loss of
generality we may assume that U=V (otherwise we may use a suit-
able measure preserving transformation). Thus (U, W) is a coupling of
(po, Tp) with E|U-W* < E|U-V[*+E|V-W|* < co,i.e. Ty € M(po).
Completeness of (M,(u),¢s) is a consequence of completeness of L*. If
(n) C Mg(po) is a Cauchy sequence in M(pp), then choosing optimal
couplings X,, = F,,}(U),n > 0, simultaneously for all j,, we obtain, that
(X — Xo)n>1 is a Cauchy sequence in L® and thus has a limit Z € L*.
This implies ls(pn, 7) — 0 where 72X, + Z. Now an application of Ba-

nachs fixed point theorem using the contraction property in (2.5) yields
existence and uniqueness of a fixed point in M;(pyp).

As for the proof of a) we have to establish that T : My (o, c) — Ma(po, €).
This is similar to a) using conditions bl) resp. b2) to establish that
Eu = cimplies ET () = c. O

Remark 2.3 If up € My and b € L*,1 < s <2 then M(uo,c) = Ms(c)
={p € Mg;Eu = ¢} C My, My(uug) = M, and the condition €s(jo, T'pio)
< 00 18 satisfied by the assumptions on A;,b. The contraction and existence
uniqueness-result can be found in this case in Résler (1992) for s = 2 resp.
in Rachev and Rischendorf (1995). The extension to the classes M(puo)
resp. Ma(ug,c) C My allows to consider more general stochastic equations
including e.q. characterizations of the Cauchy distribution by an equation of
the form

A1 Xy + Ao Xy + bEX (2.14)
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where b = A3C(0,1),C(0,1) a Cauchy distributed rv random variables - where
0< A, A+ Ay + A3 =1 and E(A; + A3) < 1 for some s < 1.

Theorem 2.2 a) then implies that the Cauchy distribution g = C(u, o) is the
unique solution of (2.14) in M(po).

For the case of interest that 1 < s < 2 only the contraction property in (2.7)
with an additional contraction factor K, > 1 is available. Our next aim is
to establish an existence and uniqueness result in M; for this case under the
natural contraction condition 7, < 1 which extends the case s = 2 in part
b) of Theorem 2.2.

Theorem 2.4 (Existence and uniqueness in M;) Consider the
stochastic equation X< SELAX 4 b (as in (2.10)) and let 1 < s < 2.
Furthermore, let uy € M;,b € L' and assume that n, = EZfil |A;|° < 1 as
well as condition (2.11) or (2.12).

If U5 (1o, Tpo) < oo, then the stochastic equation (2.10) has a unique solution
in M(puo, c).

Proof: For the proof we establish in the first step that the m —th iterate
T™ of T is for all m > myg a contraction on M (po, c), i.e. (T, T™7) <
Ksls(p, 7) for some 0 < ks < 1 and all 7, u € M(uo, ¢).

For the proof we consider the random weighted K-ary branching tree 7%
of depth m, where each node ¢ = oy ...0, (including the root ) is sup-
plied with an independent copies X, and b, of the random variables X, b
where Xiu and the K edges eq,...,ex leading from o to the successor
oo; of o get an independent copies (A.,, ..., Ae, ) of (Ai,..., Ax) such that

(Aeys oy Aeyes bo)i(Al, ..., Ak, b) (see e.g. Rosler and Riischendorf (2001)
for this construction). Further for each node v = v ... v, at level r we define
the multiplicative weights L(v) = A,, ... A, along its path vy ..., in the
tree and we define the additively weighted size of the branching tree by

T =Y L(J)Xg—i—mz_: > Lw)b,. (2.15)

jol=m =1 |y|=i

Let 7,1 € My(po,¢) and X2, VL7 with EX = EY, E|X — Y|* < 0o and
let T be the induced random weighted branching tree with iid copies Y,

in the nodes such that (X,, Y(,)i(X7 Y) and with the same random weights
on the edges (A, b,) as in the tree T2 . Denote the corresponding additively
weighted size by

Wi = > L(U)Ya—l—mz > Lw)b, (2.16)

jo|=m i=1 =i
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Then Z,,, W,, satisfy the recursive structure

K K
Zn= Y AZY b, Wt ST AW b (2.17)
1=1

=1

where (Z,Sf)_1> , (WT(,Z)_1> are iid copies of Z,,_; resp. W,,_1. This recursive

structure is obtained by splitting the tree at the root. Z,,, W,, are versions
of the m-th iterate of the distributional operator T’

ZnZT" X, WlT™Y. (2.18)

By the multiplicative structure and using the independence assumptions we
obtain from the Woyczynski inequality (see (2.7))

Lz(Zman) = El Z L(U)<X0 - Yo>|s

lo|=m
< KE Y |LO)EX -Y[
lo|l=m
K m
= K, (EZ ]Ai|s> EX-Y[
=1
= Ko E|X = Y° (2.19)

For this estimate equality of first moments is needed. Passing to the minimal
L-metric ¢, we obtain

C(TTX,T™Y) < Ko ls(p, T) (2.20)

For m > my, Ksnl" < Kni™ =: kg < 1, i.e. the iterated operator 7™ is a
contraction w.r.t. ¢, on M(uo,c).

By assumption C4(uo, Tio) < oo and thus as in the proof of part b)
of Theorem 2.2 for s = 2 we obtain that T : M(uo,c) — Ms(p0,c).
This implies by the triangle inequality that ¢s(po, T™ung) < oo. Thus
o, T™ g, T*™ g, . .. is a Cauchy-sequence in M(jug,c) and so converges to
some limit p* € M,(uo, c), s(T* uo, *) — 0. For any 1 < r < m we obtain

Cs (T 1o, T o) < gl (110, T p10) — 0 (2.21)
and thus the triangle inequality implies
C(p", T ") =0, 1<r<m,

and Ty converges to pu* and p* is a fixed point of T"in M (ug, ¢).
Uniqueness of the fixed point follows from the estimate in (2.20) if applied
to two solutions X, Y of (2.10). O
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Remark 2.5 As in the case s = 2 the additional assumption b € L*° implies
the condition Cs(pg, T o) < 0o if pg € Ms.

One can state a corresponding existence and uniqueness result with respect
to the Zolotarev metric (, for any s > 0. (s(u, v) is defined for s = m~+a,m €

Ny, 0 <a <1 and Xiu,YiV by
Cslp, v) = sup{ E(f(X) — f(Y)); f € Fs} where (2.22)

Fo={f € C"(R,R); |If "™ (2) = f™ W)l < |z - y|*}.

Finiteness of (s(u,r) implies equality of the first m difference moments
EX"—Y")=0, 1<r<m.

Proposition 2.6 Let s > 0, and pg € M be a probability measure such that
ne = BN |Al® < 1 and (o, Tio) < oo. Then the additive stochastic
equation (2.10) has a unique solution in MS(ug) = {p € M; (1, po) < 0o}

Proof: For p,v € M$(jug) holds

(T, Tv) < <ZE|A|>CS pv). (2:23)

(e.g. [24, Prop.1]). The assumption (s(T o, o) < oo implies by the
triangle inequality that T : M$(ug) — MS(po). Thus {T"uo}nen is a
Cauchy sequence in M (ug) which implies the existence of a fixed point
by completeness of (M (i), ;). The uniqueness part is as in Theorem 2.4. O

Remark 2.7 In general the finiteness condition (s(po, T o) < oo of Propo-
sition 2.6 for the Zolotarev metric (s is not easy to check. For s € IN there
are upper bounds of (s in terms of the pseudo difference moments

(X, Y) = 3/ |z|* Y Fx (2) — Fy(2)|d (2.24)

if the first s — 1 moments coincide but for s ¢ IN only estimates for the (-
metric including absolute pseudomoments are available. There have been de-
veloped several alternative probability metrics s which allow estimates as in
(2.23) and simultaneously allow upper bounds by difference pseudomoments
(see e.g. [22]). The estimate of €s(o, T o) w.r.t. the {s-metric is however in
comparison particularly simple and will be very useful in the following part.

As consequence of Proposition 2.6 we obtain that given the contraction con-
dition 7, < 1, the problem of existence of a fixed point is equivalent with
finding an element py € M such that (s(po, T'po) < 0o. W.r.t. the £;-metrics
the same is true for 0 < s < 1 in M (uo). For the interesting case 1 < s < 2
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we get a characterization of fixed points in M(ug,c) C M. In the next step
we want to remove the first moment condition for the £,-metrics. To that
aim we introduce for any py € M

M2 (o) = {p € M:3rv's XL, YLy such that
E(X-Y)=0,E|X —Y|° < c0}. (2.25)

On M?(uo) we define the modified ¢s-metric

O, v) = inf{(BIX = Y]*)" XS0, Y <,
E(X -Y)=0,E|X —Y]* < oo} (2.26)

Since M?2(po) C Ms(po) we obtain C4(p,v) < €2(u,v) and €2 satisfies the
triangle inequality. Finiteness of ¢2(u, ) needs a more stringent coupling
than finiteness of /5(u,v). In the next theorem we will see that this finite-
ness is sufficient for a general existence result for solutions of the stochastic

recursive equation X 2 Zfi 1 AiX; + b using /,-type estimates.

Theorem 2.8 (Existence and uniqueness in M) Let 1 < s < 2 let
wo € M satisfy 02(po, T'po) < oo and assume 1 = EZZI; |A;]° < 1. Then
the stochastic equation (2.10) has a unique solution in M2 (p).

Proof: We first establish that T : M?2(uo) — M2(uo). Let € M2(p) and
denote for rv’s X, Y by X ~ Y that E(X —Y)=0and E|X —Y|* < c0. By

assumption there exist rv’s Xiuo, YiT,uo such that X ~ Y. Let (X;,Y;) be
iid copies of (X,Y). Furthermore, define couplings of T'u, T'119 by

K K
Z =Y AY;+bETpand W:=> " A;X; +b<Tpo. Then

i=1 i=1
K
E(Z-W)=Y EAE(Y —X)=0and
i=1
E|\Z -W|" < KinE|lY — X|° <ooie ZrxW.
Since 2(po, T o) < oo we obtain by the triangle inequality for ¢
Co(po, Tp) < £3(po, Trio) + C3(T o, Tp) < E|X = Y|° + E|Z = W|* < 00

ie. Tu € M2(p). Now we can follow the proof of Theorem 2.4 using the

branching tree contruction with kaiTkmuo, ka+riT’“m+"u0 (cp. (2.15),
(2.16), (2.18)) with iid couplings (Y,, X,) of (10,17 1) such that Y, ~ X,.
Then we obtain as in (2.19) for any r > 1

LE(Zjamns Wiemar) < KEMFEY — X|¥ — 0 as k — oo (2.27)
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where (X, Y)i(XU,Yg)i(TT,uO,,uO). In particular, ug, T o, T o, . .. is
a Cauchy sequence in M?(pp) with corresponding couplings Xo, X7 =
7o Xy = Zom. . ..

The related differences Xy — Xy are a Cauchy sequence in L*(0) (i.e. they
have mean zero) and thus converge to some limit Z € L*(0),

Xr — Xo &5 Z. This implies that X, =5 Z + X, and thus with p*2£2 +
Xy we obtain
(T g, 1) < E| Xy — (Z + Xo)|° — 0. (2.28)

This argument yields completeness of (M? (o), ¢2). From (2.27) we conclude,
that
G, T ) =0, 1<r<m (2.29)

and thus p* is a fix point of T" in M?2(uo). Uniqueness follows from the
estimate (2.27) applied to two solutions p, v of the stochastic equation and
using the corresponding weighted branching tree construction Z,, W,, with

couplings X g,u, Y2y such that X ~ Y. O

As consequence of Theorems 2.8 and 2.2 we obtain the following charac-
terization of the existence of solutions.

Corollary 2.9 Let0<s<2andns = EZZI; |A;|* < 1. Then the stochas-
tic equation

K
XEN " AX; +b (2.30)
i=1
has a solution if and only if there exists some oy € M such that
ls (po, Tuo) < oo if 0<s<1
resp. 0% (po, Tho) < oo if 1<s<2. (2.31)
Remark 2.10 In particular the extended contraction results for the fg-

metrics allow to characterize stable distributions as unique solutions of the
associated stochastic equations in M(po) resp. M2(po). Let 0 < oo < 2, let

U be uniformly distributed on [0,1] and let XLy = S(a) be a symmetric
stable distribution with index o and scale factor ¢ with characteristic function

In g, () = —clt|* (2.32)
Then X* is the unique solution of the stochastic recursion
XLuex, + (1 -U)V*X, (2.33)
in Mg(po) if 0<a<s<1, resp. in M2(uo) if 1<a<s<2.
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3 Homogeneous and inhomogeneous additive
recursive equations

In this section we obtain as application of the contraction results established
in section 2 a one to one relationship between solutions of homogeneous and
inhomogeneous linear stochastic equations. Consider the inhomogeneous
equation

K
XEN " AX;+0 (3.1)
i=1
with induced operator 7" on M and the corresponding homogeneous equation
K
XE3 " AKX, (3.2)

i=1

with induced operator Ty. To establish a one to one relationship we as-
sume that b € L° and further the natural contraction condition 7, =
EY K |A]* < 1. In section 2 we have obtained various conditions on exis-
tence and uniqueness of solutions of (3.1), (3.2).

Theorem 3.1 (homogeneous and inhomogeneous equations) Let
0 <s<2andA;,be L® such that ns = EZfil |A;|* < 1 and Eb = 0 in
case 1 < s < 2. Then the following equivalence holds:

a) For any solution pg of the homogeneous equation Ty ,ugu there exists ex-

actly one solution p* of the inhomogeneous equation Tui,u such that

M, f 0<s<1
e (ho) #f 0<s (3.3)
M?2(po)  if 1<s<2

b) For any solution u* of the inhomogeneous equation Tuiu there exists

exactly one solution pg of the homogeneous equation Touiu such that

Ms(p*) if 0<s<1

Ho € _
M?2(uo) if 1<s<2.

Proof:

a) If po is a solution of the homogeneous equation To,uoi,u then we obtain
a coupling of g, T'uo by Yy := Zfil A;Y;, where (Y;) are iid, Yiiuo, and
X* =38 AY;+b=Y,+b. This implies E|X* —Yy|* = E[b]* < oo and
thus £s(po, Tro) < oo for 0 < s < 1 and €2(po, To) < oo for 1 < s < 2
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using the additional assumption £b = 0 in this case. From Theorem 2.2

a) we obtain a unique solution p* € M(pg) of Tugu in case 0 < s <1,
while Theorem 2.8 implies the existence of a unique solution p* € M2(10)

of T,uiu in case 1 <s < 2.

The converse direction is similar. If u* is a solution of the inhomogeneous
equation T/Li,u, then let(X;) be iid random variables with Xiiu*.

X* = Zfil A X, +band Y, = Zfil A; X; define a coupling of p* and
Top* such that E|Yy — X*|® = E|b|* < oo, ls(p*, Top*) < oo for 0 < s <
1, and £9(p*, Top*) < E|Yp—X*|® < oo for 1 < s < 2 and further Tou* €
M?(p*). Thus again by Theorems 2.2 a) and Theorem 2.8 we obtain a
unique solution pg of the homogeneous equation Tou = p with

po € Mg(p*) if 0<s<1 and
po € M2(p*) if 1<s<2. O

Remark 3.2 a) Let Ly, L denote the solution sets of the homogeneous resp.

b)

inhomogeneous equations (either in terms of distributions or in terms of
random variables). If Y € Lo N L', BEY =cand 1 < s < 2, then with

Lo LY it holds that M;(po) = Ms(po,¢). We obtain as consequence from
Theorem 2.8 and Theorem 3.1 existence and uniqueness of solutions in
M (g, ) as in Theorem 2.4, where we have to specify the first moment
of solutions. The remarkable point of Theorem 3.1 is to establish a one
to one relationship between Ly and L without any assumptions on the
moments of the solutions pg, u* in Lo resp. L. The existence result
based on the Zolotarev metric (Proposition 2.6) would not allow to draw a
conclusion as in Theorem 3.1 since the finiteness condition (s(po, T o) <
oo for a fixed point o of the homogeneous equation would in general need
further moment assumptions on .

For the Quicksort recursion

XLUX +(1-U)X,+C(U), (3.4)

with C(U) =2UlogU +2(1 — U)log(1 —U) + 1 Fill and Janson (2000)
characterized the set of all solutions of (3.4) by (& denoting independent
sums)

L=X"®C, (3.5)
where X* is the unique solution of the inhomogeneous equation - the
Quicksort distribution - with finite 2. moment and C = {C(u,0?),pn €
R, 02 > 0} is the set of Cauchy distributions C(u, ) with location pa-
rameter p and scale parameter o, C(u,0) = €,. The method of proof [8]
applied to the homogeneous equation yields also that

C =L, (3.6)
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is the set of all solutions of the homogeneous equation. In this case the
relation between homogeneous solutions and inhomogeneous solutions is
explicit and simple. By the explicit relationship in (3.5) the knowledge of
the solution set in the homogeneous case would yield by our equivalence
result in Theorem 3.1 the equality in (3.6) for the inhomogeneous case
directly.

Corollary 3.3 (Quicksort type equation) Let U be unif[0,1], b € L?
with conditions (2.11) resp. (2.12) if 1 < s < 2 and consider the Quick-
sort type equation

XLUX +(1-U)Xy+Db. (3.7)

Then (3.7) has a unique solution X in My(c) (resp. My(c*), see (2.12)) and
the set of all solutions of (3.7) is given by

L=XaC

Proof: The proof follows using (3.6) from Theorems 2.2, 2.4, and Theorem
3.1. O

4 Max-recursive sequences

In this section we consider max-recursive equations of the kind

X Z\/(AX, +b) (4.1)

r=1

where (X;) are iid copies of X and A;, b; are random coefficients independent
of (X,). The r.h.s. of (4.1) induces an operator T : M — M defined for

QEMandXiny

K
TQ:TXiE(VQL&+m0. (4.2)
r=1
If A., b, € L® and L(X) € Mj, then also TX € M, and then T can be
considered as operator M, — M. The following existence and uniqueness
result for max recursive equations was stated in Neininger and Riischendorf
(2005) based on the contraction property in (1.6). Note that in the max case

any s > 0 is allowed.

Theorem 4.1 (Existence and uniqueness for max-recursive equa-
tions, see [21]) Let for some s > 0 the coefficients A;, b; € L® and let
o € M be such that n, == ESX |A® < 1 and €4(po, Tpo) < oo. Then

the stochastic maz-recursive equation X \/ﬁl(ArXr + b,) has a unique
solution in M (o).
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Similarly to the sum case we obtain as consequence a one to one relation
between the set £ of the solutions of the inhomogeneous equation

X £ \/(AX, +b) (4.3)

r=1
and the set Ly of solutions of the homogeneous equation

K
v £\ AKX, (4.4)

r=1

We denote the corresponding distributional operators by 7" and Tj.

Theorem 4.2 (Equivalence theorem) Let A,, b, € L® for some s > 0
and assume that 1, = EY.% |A,]* < 1. Then

a) The inhomogeneous maz-recursive equation (4.3) has a unique solution in
M.

b) For any solution Yy € Ly of the homogeneous maz-recursive equation
(4.4), there exists exactly one solution X* of the inhomogeneous maz-
recursive equation (4.3) such that (,(X*,Yy) < oo, i.e. L(X*) € My(uo),
where py = L(Yy).

c) For any solution X* of the inhomogeneous equation (4.3) there exists ex-
actly one solution Yy of the homogeneous equation (4.4) with €4(X*,Yy) <
00.

Proof:

a) The proof follows from Theorem 4.1. Let uy = €o; then

K
Cy(po, Tpo) < Emax b, <> Elb,|* < o0.

r=1

Furthermore, M(ug) = M, and thus a) follows from Theorem 4.1.

b) If Yy € Ly and pp = L(Yp) then let (X;) be independent r.v.s with X; < Lo
and consider the coupling X := \/f(:1 A X, and W = \/f(:l(ATXr + b,)
of oy and Tug. Then we obtain from Lemma 3.1 in [21] €4(po, Tho) <
(B|X — W[)Ysrt < (ESE b, )" < oo, Theorem 4.1 implies the
existence and uniqueness of a solution p* of the inhomogeneous equation
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c) Let conversely X* be a solution of (4.3) with X* £ *. Further, let
(X;) be iid, X; 2 pu* and consider the coupling X := \/f:1 A, X, and
W= \/iil(A,,Xr + b,) of Top* and p* (as W < w1*). Then

L To) < (B|X — W)/

K
< (EZ |br|5)1/8/\1 < 00
r=1
and Theorem 4.1 implies the result. O
By Theorem 4.2 there is a one-to-one relationship between the set L of
solutions of the inhomogeneous max-recursive equation and the set Ly of

solutions of the homogeneous max-recursive equation. In the case of non-
negative coefficients A; > 0, the homogeneous max-recursive equation

K
X £\/ A, (4.5)
j=1

can be related to the homogeneous additive recursive equation
a) 4 ayy(@)
W £ A0, (4.6)

where « is chosen such that £ ZJK:1 A = 1. This equation has been studied
in detail in the literature. By a result of Biggins (1977) equation (4.6) has a
solution if and only if

EiA;‘ InA; <O0. (4.7)
Let KF(t)=E[[F (Ai> (4.8)

denote the operator on the distribution functions corresponding to (4.5).
Then Rosler (2003) showed that for any nonnegative solution W@ of the
additive equation (4.6),

Fo(t) i= Ee™W " (4.9)

is a d.f. and
KFy = Iy, (4.10)

i.e. Fj is a solution of the max-recursive equation (4.6). We can interpret
Rosler’s analytic construction stochastically as an analogue of a transforma-
tion of Guivarch (1990) given there for the sum case.
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Proposition 4.3 (Additive and max-recursive equations) Let A;>0,
EZ;; Aga) = 1 and let W@ be a nonnegatiave solution of the additive
stochastic equation (4.6). Further let Z'® be Weibull-distributed with pa-
rameter o i.e. Fy)(x) = e/ 2 > 0. Then the random scale Weibull
variable

1/

X = (W)"" z (4.11)

is a solution of the max-recursive equation (4.5).

Proof: We verify that the d.f. of X is identical to Rosler’s distribution Fj
in (4.9).

Fx(t) = P(X <t) = P(W@)Vez) < ¢)
t

—_Ww () jpe
= EFZ(a) (W) = Ee w /t = F0<t)

Alternatively, we may use the max-stability of the Weibull distribution. Let

X; = (I/I/](a))l/anga), be iid copies of X, then
K K
\ 4;X; =\ A; (W) ez
j=1 j=1
i~ @)
L (S aw) g
j=1
4 (WeNegl@ — x
i.e. X is a solution of (4.5). O

Remark 4.4 The construction in (4.11) can also be extended to nonnegative
solutions W > 0 of the additive inhomogeneous equation

K

o (63 d o7
> AW +b) W) (4.12)
j=1

where (b;) are nonnegative tid r.v.s. independent of (A;). Then with
X = (W 4 b)Yz holds

K
\ A;X; =\ AW 4 b)Vezi
j=1

<=

.

II=

o (64 o a) d o o [e%
AW b)) Vezle) £ (wilenagzle)  (413)

1

<.
Il
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Example 4.5 (Worst case of FIND) The limiting distribution of the
worst case of the FIND algorithm was characterized in Gribel and Rosler
(1996) as the unique solution Sy in My of the fixed point equation

SLUS V(1 -U)S+1, (4.14)

where U is uniform on [0,1] and Sy, Sy are iid copies of S. Sy moreover has
finite moments of any order and exponentially decreasing tail. In order to
study the solution set L of (4.14) we first note that the class W = {Qx, A > 0}
of Weibull distributions with parameter o = 1, with d.f.s F\(z) = e M* x >
0 and with Qo = ¢ are solutions of the homogeneous equation

SLUS, V(1L—U)S,. (4.15)

Let X, 2 Q», then for X > 0, X has no finite moments of any order > 1
and for s > 1 holds £,(Xy, Xy) = oo for all \ # N'. The existence Theorem
4.2 implies that Y\ > 0 there exists exactly one solution Sy of the worst case
FIND equation (4.14) such that {4(Xy, Sy) < oo, i.e.

LD {Sy;A >0} (4.16)

Since there are no nonnegative solutions of the related homogenous additive

equation W < UW, + (1 — U)Wy Proposition 4.3 does not add to the set
of solutions in this case. It is an open problem whether there are further
solutions.

Max-recursive stochastic equations arise under quite general conditions as
limits of max-recursive algorithms as was shown recently in Neininger and
Riischendorf (2005). We finish this paper by restating this limit result as a
interesting source of max-recursive equations. We then give an application
of this limit theorem to the worst case behaviour of FIND where the limiting
fixed point equation was stated in (4.14) and discussed above.

Consider a max-recursive algorithm (Y,,) of divide and conquer type,

K

Yo £ \/ (A (m)Y,0) 4 br(n), n2 o, (4.17)
r=1 "

where I™ are subgroup sizes, b,(n) are random toll terms, A,(n) are
random weights and (Yn(r)) are iid copies of (Y},), independent also of
(A.(n),b.(n),I™). For a limiting result (after normalization) the follow-

ing conditions were given in [21]. Assume that the coefficients converge in
L

n n n n L * * * *
A AW MRy B A ak b b, (4.18)
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Then as a formal limit of equation (4.17) one obtains as limiting equation

K
X 2\ (AX, +b)). (4.19)

r=1

We need the contraction condition for the limit equation

K
EZ |Ax]* < 1 for some s > 0 (4.20)

r=1

as well as a nondegeneracy condition: For any fixed ¢ holds:

E[l{fﬁn)gf}u{1£">:n}‘Agn) *] — 0. (4.21)

Theorem 4.6 (max-recursive limit theorem, see [21]) Let (Y,) be a
maz-recursive algorithm of divide and conquer type as in (4.17) and assume
conditions (4.18), (4.20), (4.21). Then (4(Y,,Y*) — 0, where Y* is the
unique solution of the limit equation (4.19) in Mj.

As application of Theorem 4.6 we next give a direct proof of the limiting
worst case behaviour of FIND. For an alternative stochastic process approach
see Griibel and Résler (1996).

Example 4.7 LetY, , denote the number of comparisons of the FIND algo-
rithm for finding the (th order statistic. Then

Yoe a V-1 Yo n=V Y,veyv n—1
L d 1 ’ 1 ’ 4.22
e ] + —Lvey + (4.22)

n
where V' is uniform on {1,...,n} distributed. With V- = [U], U uniform on

[0,1] and the normalization X, , = —* we obtain
da [nU—1 n—|nU — n—1
Ko £ P )Xot 4™ 5 s Koo #77
Defining the worst case
M, = max Xne (4.23)

we obtain the recursive equation

n—1+(nU}—1 n—[nU]—

d
M, = M1V ———M - 4.24
" p )1 - 0] (4.24)
This leads to the limit equation
SL14+USV(1-U)S, (4.25)

the worst case FIND equation. All conditions of Theorem 4.6 are satisfied
for any s > 1. We therefore obtain that for any s > 1

05(M,,S) — 0 (4.26)

where S is the unique solution of (4.25) in M. Thus uniqueness holds true
in (Jyoq Ms.
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