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Summary

In the present paper we deal with the characterization of some
dependence concepts for the multivariate normal distribution. It turns
out that normal distributions have some special properties w.r.t. these
dependence concepts and, furthermore, that the characterizations are
closely connected to some interesting problems on matrices. Some ap-
plications to simultaneous confidence bounds are discussed.

1. Normal distributions and positive orthant dependence

A Dbasic concept of dependence was introduced by Lehmann [13].
Let X=(Xj, ---, X,) be a random vector on a probability space (M, ¥, P).
X is called positively orthant dependent (POD) if

(1) P(ﬁ {Xigal})gﬁp(xigai), for all ay, -+, e, € B
1=1 =1
Similarly, X is called negatively orthant dependent (NOD) if

(2) P(ﬁ! {Xigat}>gﬁlP(X,§ai), for all @, -+, @, € R'.
It was shown by Riischendorf [17], Theorem 2, that POD-distributions
share with normal distributions the important property, that the in-
dependent elements in the class of all POD-distributions can be identi-
fied by some mixed moment conditions. In the present section we
extend some properties of POD-distributions and discuss applications to
normal distributions.

The characterization of POD in normal distributions is immediate
from a theorem due to Slepian [21] in combination with a result of
Lehmann [13]. Let X be N(g, 2)-distributed and let S,={4 ¢ R™"; A
=(@i;)151, ;5. D€ Positive semidefinite, a;;=0, v 14, j<n}. Then
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(3) X is POD <& X is NOD & Y¢S,.

The equivalence of POD and weak association was shown in Theorem 1
of Riischendorf [17]. For applications of the POD-concept also the fol-
lowing closedness properties are useful.

ProposiTiON 1. Let Y, .--,Y, be POD, mn-dimensional random
variables, Y;=(Y,, ---,Y,,), and let {Y,, ---,Y,} be stochastically in-
dependent.

a) If fi: R*— R' 1Zi<n, are monotonically nondecreasing and meas-
urable, then

(4) Yz(fl(lfllr Sty Ykl)r .- '!fn(Knr tt Ykn)) iS POD'
b) ¥ is POD.
C) If 1’220, then (y’llyvﬂr "ty Yman) is POD'

PrOOF. In order to avoid technicalities we only give the proof of
b). The proof of a) and ¢) is similar. Let @, -+, a, ¢ R!, and X=Y,,
Y=Y, then

P 1%+ Yiza) )=(P(A (X+yzad JaPr, -+ v

\%

S
[T Pt vza)dP @, - 0

1=1

21T | P (tvza)dPriy)
=1 P (X4 Yi2a).

1=1

The second inequality follows from Theorem 1 of Riischendorf [17]
since f{X.)=Iix +y,2., 15 monotonically nondecreasing in X;. The case
k=2 follows from induction.

Example 1. Let X, ..., X, be N(g, 2)-distributed with unknown
u, 2 and let {X, ---, X} be stochastically independent. A confidence
interval for p proposed by Dunn [4] and Scott [19] is the following.

Let .7?:71—‘27‘1}@ and Sz-lc—l-l— ﬁ} (X, ~X)*(X,—X) be the canonical esti-
= - =1

mators of p, X'; then consider

(5) R={ze¢R"; |z,— X,|<dVS,;, 1=i<n},

where X, is the ith component of X, S, is the 4th diagonal element
of the random matrix S and d,, ---, d, € R, are given.
If =1, then
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P =T P (tI=vEd)=1n,

where t, are Student t-variables with k—1 degrees of freedom. The
question is now for which normal distributions y, can be used as con-
servative bound for the confidence interval R (the proof of the claim
of Scott [19] that this should be true for all normal distributions was
shown to be in error by Sidak [20]).

By means of Proposition 1 we obtain the following result:

(6) Let X, be N(g, 2)-distributed and let |X,—p|=(Xu—pml -,
| Xin— ) be POD, then

P.:(peR)zr.

Proor. It is well known that one can choose Y;~N(0, 3), 1=i<
k—1, which are independent from each other and from {X,, 1<j<k}

such that S and S’:%EYZTY} have the same distribution. Since

by assumption |Y;] is POD we obtain from Proposition 1, a), that (S,
.-, S,m) is POD where §“=(?1-—§ Yfl>m, 1g1gn.
1=1

Using a result of Khatri [12] that |X| is NOD for each N(0, 3)-

distributed X, we obtain by Proposition 1, c¢) that <|—‘&;ﬁ‘i,
— 11
E?S_'E_'> is NOD which implies (6).

Some conditions implying that |X;—p| is POD have been given by
Sidak [20], Jogdeo [11] and Abdel-Hameed, Sampson [1]. A general
lower bound for the probability of translated positive orthants of | X, — |
is given by the following proposition.

ProposITION 2. Let X=(X,, ---, X,) be N(0, 3)-distributed. Then
for any a;, -+, @, € R%

(1) P(A 0%/za)) 2] P (XizY20),

3

where

o) o et (S(m))
2"‘( 1]) H 71 \/—Ix_ ’ Tm det (Z(m—l)) ’

2sm=n, and E(m)z(aij)l§i,j§m'

ProoF. The proof of Proposition 2 is similar to the proof of
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Theorem 3.2 of Das Gupta, Eaton, Olkin, Perlman, Savage and Sobel
[3]. Let X have a factorization TT? where T is an upper-triangular
nXn matrix and let Y be N(O, I)-distributed. Then
P (§ txizar)=p 1 [0 2]
=g< g(2y3>dyl)ﬂdyi,
B H =1 =2

where g<§nj yf) is the density of Y,

B= {(yb ) yn); ‘é tijyj!'gai’ 2-§i§n}
7=
and

H=H(y,, «--, Yn)= {%; ltny1+éztuyj 2—-011} .

Let, furthermore, Hy={y,; [t,¥:|=}, then as a consequence of Winter’s
theorem (cf. Das Gupta,---[3])

S g(Z y?)dylzg g(,E y§>dy1-
H J=1 Hy J=1
So we obtain by an inductive argument

P 1X/zal)2P (A (taYiza))

=ﬁP(|XAgi/§—ai).
=1 [l

Since det 3(m)=det (T(m)) det (T(m))=T1] £, we obtain

det 2'(2) .
th=von , th=-9t20) = 5o
=Y det 3(—1) '

Remark 1. Proposition 2 can be used to give a conservative bound
for a larger class of distributions than those considered in Example 1.

2. Normal distribution and association

Association of random variables has been introduced by Esary,
Proschan and Walkup [6]. Association has many useful statistical ap-
plications. Its definition is as follows: X=(X, ---,X,) is called as-
sociated, if

(8) Cov (f(X), 9(X))=0 for all monotonically nondecreasing func-
tions f, g for which the integrals exist.
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Clearly association of X implies POD. The following proposition shows
that again the normal distribution has special properties concerning
this dependence concept.

PRrROPOSITION 3. If there exists an associated random wvariable X
with Cov (X)=23, then

(9 N(p, 2)-distributed variables are associated.

PrROOF. In this proof we shall repeatedly make use of some re-
sults of Esary, Proschan and Walkup [6]. Let X, --., X, be inde-
pendent, n-dimensional with P¥:=P¥, 1<1<k, then the nk-dimensional

vector (X, «--, X,) is associated and, therefore, S,= jE é(Xi~ m, (¢

=E X) is associated. By the central limit theorem S,,—'C-D» N(0, 3). Since
associated random variables are closed w.r.t. weak convergence we ob-
tain, that N(0, 2)-distributed random variables are also associated.

The following definition is due to Hall, Newman [9] and Markham
[14].

DEFINITION 1. An mXmn matrix 3 ¢ B**" is called completely posi-
tive if there exists a k¢ N and an A ¢ R™¥,

(10) A=(a.;)15.c» With AZ0 (i.e. a;;=0 for all 4, 7) and
1578k
T=AA".
Let C, denote the set of all completely positive nxn matrices.

C, defines a subset of S,. We have the following result.

THEOREM 1. If X eC,, then N(y, X)-distributed random wvariables
are associated.

Proor. Let 3 e(C,; then there exists an nxk-matrix A=0 with X

=AA". If Y is N(O, I)-distributed, then Y =AY has the same distri-
bution as X. But Y is associated and AZ=0 defines a monotonically

nondecreasing function. So also Y is associated.

To consider the question how large C, is, we need the following
definition.

DEFINITION 2.
a) An element 3¢S, is called diagonally dominant, if ¢;,=30,;, V1
1%
sn.
b) For a convex cone ACR™ let (A) denote the set of extreme di-
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rections of A.
P,={X¥ ¢ C,; there exists an A ¢ R™*", A=0 with Y=A4A7%}

For an nXn matrix A and a=(ty, + -+, %), 8=, +++, J.) Where 114,
K< KR EN, 125,<H< - <J=n let A(e|8) denote the minor
of A with rows 1, ---, 1, and columns 7, -« -, J%-

The results of the following proposition are partially known. We

include them for the reason of completeness.

a)
b)
¢)
d)
e)

1)
2)

b)

ProrosiTION 4.

If 5 is diagonally dominant, then Y e C,.

If n<4, then P,=C,=S,. )

If n=5, then P,cC,cS, (where © means strict inclusion).

C, is a convex cone with &(C,)= {cc”; ce R, ¢=0}.

C,=con (P,) (convex hull) and P,, C, are pathwise connected and
closed subsets of R™",

The parameter k from Definition 1 can be chosen<n*+1.

If eS8, then 3 has a factorization LLT, where Lz0, L is a
lower triangular » X7 matrix if and only if 31, ---, &, ¢|1, ---, &, 7)
=0 for all k=1, j=n.

Proor.
Let 3 ¢ R™*" be diagonally dominant. Then define the nx—-—n(nz"' 1)

matrix A by A=(a,¢,(w,)1§i,j,k§n With

0, if 4, j#k
Nl if j=k, i#k
A, =y
" Ve if i=k, j+k

Vakk—; Tt if i-—-j:k-
Py

It is easy to check, that Y=A4AT, so 3 eC,.

was proved by Gray, Wilson [8] and independently by Plesken,
Riischendorf, Krafft [15] using geometric arguments.

The inclusion C,&S, is due to Hall, Newman [9]. To prove P,cC,
take

I, B
Z':[ n—2 ] Rnxn
v=| pr I €

with Be R®*»* B>(0 (componentwise) and I, denoting the unit
matrix of dimension k. Using the arguments of Gray, Wilson [8]

resp. Plesken, Riischendorf, Krafft [15] we obtain that ZX,¢ P,.
But if we choose J, diagonally dominant we obtain by part a)



d)
e)

£)

g)

1)

2)

3)

CHARACTERIZATION OF DEPENDENCE CONCEPTS 353

e C,.

follows from Theorems 2.1, 8.1 of Hall, Newman [9].

Since P,D&CC,) we clearly have C,=con (P,). Defining the closed
and pathwise connected set R,={4 ¢ R™*"; A=0} and the continu-
ous map ¢:R,— R™" by o(A)=AA", we clearly have ¢(R,)=PF,.
This implies that P, is closed (since bounded subsets of P, have
bounded origins) and, furthermore, that P, is pathwise connected
(as continuous image of the pathwise connected set R,). Since C,
=con (P,) the same is true for C,.

If 3 eC,, then there exist by definition of C, (or by d)) ¢, ¢ R", ¢;
=0, 115k, such that

k k 1
2=E CLCZZE —dzdf
i=t =1k
with d,:=v%k ¢;, 1<i<n. This implies that X ¢ con {dd7; 1=<i<k}
which is a compact, convex subset of R**". By a well known theo-
rem of Caratheodory each point of a compact convex subset A of
R™ has a representation as convex combination of m+1 extreme
m m+1l
points of A. Therefore, 3= éla,d,,dﬁ, where 11,5k, 0=<a;, S a,
7=1 =1
=1 and m=min {k—1, n’}.
has been proved by Markham [14].

Remark 2.

Proposition 4, b) implies that for n<4 association is equivalent
with POD and positive correlation. It is not known to the author
whether this result is true also for »=5. This question leads to
the difficult and unsolved problem of defermination of &(S,).
Proposition 4, f) improves on a bound for the index k given by
Hall, Newman [9] who proved that & can be chosen smaller than
2»,

The characterization in g) due to Markham [14] has a simple geo-
metric interpretation. If 3=BB” with B¢ R**", where B has row
vectors b, ---,b, and if ¢, ---,q, are the orthogonal vectors ob-
tained from b, ---,b, by the Gram-Schmidt orthogonalization pro-
cess, then the condition on the minors is equivalent to the condi-
tion that b, ---, b, lie in the convex cone

C(le ] qn)= {i a.qy; aigoi 1§’i§n, i azzl} .
=1 1=1
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3. Positive likelihood ratio dependence and positive
stochastic dependence

Within this section we discuss some concepts which are stronger
than association. We need the following definition which is essentially
due to Barlow, Proschan [2] and Dykstra, Hewett, Thompson [5]. Let
for nonnegative function f and measure g, fu denote the measure with
density f w.r.t. p.

DEFINITION 3. Let X, X, be k, [-dimensional random variables and
define :
1) X, is stochastically increasing in X, (X, 1. X;) if for all z, y ¢ R,
<y implies that

Prix=e g PriiE=y

where <, means stochastic order (of the k-dim. conditional dis-
tributions).

2) If P¥r¥2=f" (i.e. the distribution of (X, X;) has density f w.r.t.
Lebesgue-measure 1"), then (X, X,) have positive likelihood ratio

dependence (plrd) if for all x,<¥,, 1=1,2
S @y, ) f (s YD) Z F (@1 Yo).f (1, %) -

Remark 3.

1) If k=l=1, plrd is equivalent to the notion TP, (totally positive of
order 2) (cf. Barlow, Proschan [2], p. 143).

2) (X., X,) plrd is equivalent to the condition that P*1'*2=* has a (multi-
variate) monotone likelihood ratio when z is considered as a param-
eter. (X, X;) plrd is equivalent to (X;, X;) plrd.

3) One can avoid an inconsistency of Definition 3, 2) arising from dif-
ferent choices of f by including an a.s. condition.

The class of matrices which turn out to be central for these
dependence concepts are the M-matrices which where introduced by
Ostrowski.

DEFINITION 4. Let A€ R™", A=(a,); ;.- Then A is called an M-
matrix, if

(11) a;;<0, vi#7, and if all principal minors are positive.

An important result on M-matrices is, that each M-matrix is of
monotone kind i.e.

(12) A exists and A™'=0.
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For several properties of M-matrices see Poole, Boullion [16].
For the application to normal variables we need the following
factorization properties.

LEMMA 1. Let A be positive definite. Then A is an M-matrix

&= There exists a lower triangular M-matric L with A=LL".
(13)
&= There exists an upper triangular M-matriz U with A=UU".

Proor. Fiedler and Ptak [7] have shown the existence of a lower
triangular M-matrix L and an upper triangular M-matrix U such that

(14) A=LU.

Since A=A7 we have LU=U?L?. Defining D=L'UT=UL")", D is
a diagonal matrix and

(15) LD=U”".

(15) implies that D=0 since L, U are M-matrices. So we can define
L=LD" and obtain A=LL? with an M-matrix L. This proves the
first equivalence. For the second equivalence observe that with A=
(a;;) also B=(G,-i11,n-;+1) 1S an M-matrix. So there exists a lower trian-
gular M-matrix L with B=LL". Let L=(l,;) and define U=(l,s1-0,n1-5)
then U is an upper triangular M-matrix and it is easy to see that A=
vuyr.

Remark 4. The second equivalence of Lemma 1 was proved in
a different way by Jacobsen [10].

Lemma 1, (12) and Proposition 4, g) imply the following corollary.

COROLLARY 1. If X is positive definite and if I7' 1s an M-matriz,

then X ¢ P, and, especially, N(u, 2)-distributed random variables are as-
sociated.

From the following characterization of positive stochastic depend-
ence in normal distributions we isolate the following lemma.

LEMMA 2. Let X =(X,, X;) be N(0, 3)-distributed and 3 be positive
definite. If 27'is an M-matrix, then there exists a random variable Y,
with independent components and independent of X and, furthermore,
a monotonically mondecreasing function h such that X has the same
distribution as

(16) (X1, (X3, 7))
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Proor. By Lemma 1 there exists a lower triangular M-matrix L
such that X"'=L*L or, equivalently, 3=L"Y(L™". If Y=(Y, 7Y, is
N(0, L)-distributed we, therefore, may assume that X=L"'Y. Let L=

( é’“ I(j > be the partition of L corresponding to X;, X;, then L, L.,
12 22

are M-matrices and L,<0 (componentwise). Therefore, using that
v B )
—L3'L, L7t L
we obtain
X,=L3'Y,
and
Xo=—Ly' Lol Y+ L3 Yy = — Ly L X+ L3'Y; .
Defining h(x,, ¥.):=—Lz'L.2,+ L'y, and using Lz'=0, L,;<0 we obtain
that A is monotonically nondecreasing and X =(X,, h(X,, Y2))-

For z=(x,, ---, z,) and Rc {1, ---,n}, R=(r, -+, r;) denote by z»
:=(xr1’ B xrk) and x(:)z(xb sty Bioyy Ligry %y xn)'

THEOREM 2. Let X be positive definite and X be N(0, 2)-distributed.
Then the following conditions are equivalent.

a) 2X°'is an M-matrix
amn b) for dall ign: X 1« X
e) forall R,Sc{l,---,n}, RNS=¢: XzTu Xs.

PROOF. a)==s¢)
By a simple conditioning argument it holds for S,cS, that

(18) XR Tst. XS., implies XR Tst. Xs‘ .

((18) is independent from the normality assumption). Therefore, we
may assume that B+S={1, ---,n}. Furthermore, it is clear from the
definition that the condition that 2-!is an M-matrix, implies that (Q2Q")™*
=(Q™)73'Q! is an M-matrix for all permutation matrices Q. Now using
Lemma 2 with @ corresponding to the partition R+S={1, ---, n} (i.e.
Q(X,, X;)=(Xz, Xs)) we obtain a representation (X5, Xs)=(Xz, MXz, Ys))
as in Lemma 2. But this is enough to imply Xj 1. Xs (cf. Barlow,
Proschan [2], p. 147, Lemma 4.8).

¢) == b)

Take specially R={7}, S={1, ---,4—1,1+1, ---, n}.
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b) = a)

Let 2‘=<§ . ;‘7, ”> be a partition of 3 corresponding to X=(X,, X).
Then the condil’zione;l2 distribution of X, given X,=u, is given by
(19) P m= N(Zp35'%,, 35 with 3 ,=3,—3,35' 3%

(cf. Theorem 2.2.7, p. 47 of Srivastava, Khatri [22]).

Therefore, X, .. X, if and only if
(20) 2,35=0.
Let now 2":(?2 j:), then we 01')tain from Corollary 1.4.2 of Sriva-

stava, Khatri [22] 35 =An—ALAG A, and X,=—-A77A4,5,, which im-
plies that

(21) 235 =—A'A,=0.

So from X; 1 Xy, we obtain, that a,,>0 and @;=0, vj#1, where A=
(a.,)=2"*. Using the above given permutation argument we obtain
similarly, that a,;>0 and a,,<0, vi#j, 1<7<n, i.e. £'is an M-matrix.

Remark 5. (20) and (21) may be used to give a characterization
of the notion that X is stochastically increasing in sequence, i.e. X, {..
(Xi, + -+, Xio1), 229=<m. This notion is equivalent to the condition

(22) Xz e Xs for all R=S, RNS=¢

(B=S means that each component of R is larger than
each component of S).

For the proof of (22) apply Theorem 4.13 of Barlow, Proschan [2].

Concerning plrd we have the following result.

THEOREM 3. Let X be N(0, X)-distributed, where X is positive defi-
nite. Then the following conditions are equivalent :

a) 37! s an M-matrix
23) b) (X, X)) are plrd, 1<i<n
¢) (Xg, Xs) are plrd for all R+S={1, ---, n}
d) (X, X)) are plrd for all i%#7.
PrOOF. The equilvalence of a) and d) is due to Sarkar [18] and

Barlow, Proschan [2]. Let A:(ﬁ;‘ j“):Z‘" be a partition corre-
12 22
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sponding to X=(Xj, X;) and let f(x, 2;)=((2r)" det )%~ Cr=24@a/t (ye
consider z;, x; as row vectors). Then (X, X;) is plrd

& for all x=(xy, 1) < (W1, ¥2)=Y
S (@ 2)f (Yo, Y2) Z F (1 92)S (U, )
&= 0, Apr] Fy Ayl SeApys + 1Al for x=y
& (0 —Y)An(y— )" =0 for z,;=y,, 1=1,2
(24) = A,=0.

Using a permutation argument (24) implies the equivalence of a), b), c).

Remark 6. Theorem 3 shows a difference between the notions of
plrd and positive stochastic dependence. While (X,, X,) pird for all 4
#7 is equivalent to the condition that X' is an M-matrix, it follows
from (20), that the condition X, 1, X, for all 2#J is equivalent to the
much weaker assumption that 3 €S, in other words to the positive
correlation assumption. In spite of that ‘ globally’ both concepts are
equal for normal distributions.

RHEINISCH-WESTFALISCHE TECHNISCHE HOCHSCHULE AACHEN
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