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Abstract

This paper considers the modelling of collateralized debt obligations (CDOs).
We propose a top-down model via forward rates generalizing Filipovi¢, Over-
beck and Schmidt (2009) to the case where the forward rates are driven by
a finite dimensional Lévy process. The contribution of this work is twofold:
we provide conditions for absence of arbitrage in this generalized framework.
Furthermore, we study the relation to market models by embedding them in
the forward rate framework in spirit of Brace, Gatarek, and Musiela (1997).
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1 Introduction

A collateralized debt obligation (CDO) is a security backed by a pool of credit risky
securities. There are issued notes on so-called tranches of the CDO which are
characterized by different levels of credit riskiness or, in financial terms, seniorities.
In this work we consider a general model for the evolution of tranche prices similar
in spirit to the forward rate approach of Heath, Jarrow, and Morton (1992) and
derive conditions under which the model is free of arbitrage.

For practical applications, market models are of a high importance. In this
kind of models, traded securities have a finite set of maturities while in the forward
rate approach all possible maturities are considered. For the pricing of options
respectivly calibration of the model one imposes a simple dynamics for suitable
quantities and uses the conditions for absence of arbitrage which results in tractable
pricing formulas.

The main goal of this work is to provide conditions which guarantee the absence
of arbitrage in a general class of models and to study market models embedded
in this framework. The new contribution of this work is the following: first, we
consider models where the driving random process is a Lévy process, generalizing
Filipovié¢, Overbeck, and Schmidt (2010). We derive general drift conditions which
ensure that the market is free of arbitrage. In a next step we consider market models
similar to those in Eberlein, Grbac, and Schmidt (2010). However, we embed the
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market models in the forward rate models and derive the resulting drift conditions.
The risk-free case studied in Brace, Gatarek, and Musiela (1997) turns out to be a
special case.

2 Collateralized Debt Obligations

Consider a complete filtered probability space (€2, F, (F¢)¢>0, P) satisfying the usual
conditions. Mathematically speaking, a collateralized debt obligation is a derivative
on a portfolio of N credit risky securities. With each security there is an associated
nominal and we assume that the total nominal is one. Denote the process of ac-
cumulated losses over time by L = (L;);>0. Then L is a pure-jump process which
jumps upward at defaults of the securities in the pool and the jump size is the
occurring loss. As the total nominal is one, L; € [0, 1] for all ¢ > 0. A special case,
quite often considered in practice, is when the loss on each default is a constant.
By Z C [0,1] we denote the set of attainable loss fractions and we assume that
Z =[0,1]. The case where Z is finite may be considered analogously, see Filipovié,
Overbeck, and Schmidt (2010).

Similar to Filipovi¢, Overbeck, and Schmidt (2010) we consider (T, z)-bonds as
basic constituents: a (7', z)-bond pays 1;1, <.} at maturity 7', for x € Z. Its price
at time ¢ is denoted by P(¢,T,xz). For 2 = 1 we obtain that P(¢t,T,1) =: P(¢t,T)
equals the risk-free bond. In Eberlein, Grbac, and Schmidt (2010), Section 6.1, it
is shown how to extract (T,x)-bonds from observed CDO quotes under common
assumptions.

Pricing CDOs with (T,x)-bonds. We consider (T, z)-bonds as they are suf-
ficient to provide prices for CDOs and similar derivatives as we will show in this
section. First of all, (T, z)-bonds are sufficient for pricing European derivatives on
the loss process. Indeed, consider a payoff h(Lr) such that

h(Lr) = h(1) - / W ()1 (<) dy.
0

Linearity of prices on contingent claims implies that the price at time ¢ of the
derivative offering h(Lr) at T is given by the following functional of (T, z)-bonds

h(1)P(t,T) —/h’(y)P(t,T,y)dy.
0

A more general result holds true. Investing in CDOs is done via a so-called single-
tranche CDO (STCDO), sometimes also called tranche credit default swap. A
STCDO is represented by its lower and upper detachment points, z; and s, with
0 < z1; < o < 1. The investor receives coupon payments at times 73,...,7,. In
exchange to this, the investor covers a certain part of the occurring losses in each
period. Set

H(z) = (vg —2)t — (1 —2)" = / Liz<yrdy.
(z1,22]

Then, investing in the STCDO with swap rate S is equivalent to the following
payment stream:

1. Payment leg. The investor receives S H(Lr,) at times T;,i =1,...,n.



2. Default leg. The investor pays —dH (L;) = H(L;—)— H(Ly) at any time where
AL, #0.

In Filipovié¢, Overbeck, and Schmidt (2010) it is shown that the value of the STCDO
at time ¢ can be derived solely on the basis of (T, z)-bonds. In the case where risk-
free and risky (7', z)-bonds are independent, it follows from Lemma 4.1 therein that
the value of the STCDO at time t is given by

V(t,S) = / (Szn: P(t,Ti,y) + P(t,Ta,y) — P(t, To, y)

—1
(3917352] ¢

Tn

—&-/f(t,u)P(t,my)du)dy7
To

where f(t,u) denotes the risk-free forward rate. Setting V' = 0 and solving for S
gives the par-spread for this investment. Market prices of STCDOs are typically
quoted via the par-spread.

3 Arbitrage-free term structure movements

In this article we consider term structure movements of (7', z)-bonds given by

T
P(t’Ta $) = ]-{L,Sw} €xp ( - /f(t,uvx)du>a (1)
t

where f(t,T,x) is the (T, z)-forward rate prevailing at ¢. Let us assume that

(A1) Ly =", <¢ AL is cadlag, non-decreasing, adapted, pure jump process, which
admits an absolutely continuous compensator v* (t, dz)dt satisfying fot vE(s,I)ds <
oo (finite activity).

As shown in Filipovié, Overbeck, and Schmidt (2010), under (A1), the indicator
process (1{7,<z})e>0 is cadldg and has intensity

At z) = vE(t, (z — Ly, 1]). (2)
That is,
t
M} =1{p,<oy + / 1{Lsgz}/\(5»$) ds (3)
0

is a martingale. Moreover, A(¢, z) is decreasing and continuous in x with A(¢,1) = 0.

Consider a d-dimensional Lévy process Z. Denote by (-, -) the scalar product in
RY by -7 the transpose and by |- | the respective norm on R%. Tt is well-known that
a Lévy-process can be decomposed as

t t

Zy = mt + W, +/ / z (p(ds,dz) — v(dz)ds) +/ / z p(ds, dz), (4)

0 |zj<1 0 |2/>1

where m € R, W is a d-dimensional Wiener process with covariance matrix ¥ and
 is the random measure of jumps with its P-compensator v(dz)ds. That is, for any



Borel set B of RT and any Borel set A of R?, 1 denotes the number of jumps in the
time interval B which have sizes in A,

plw; B,A) =Y 1A(AZ,).
seB

The process Z has exponential moments if the Laplace transform is always finite.
Then the Laplace transform satisfies E(e~(%%1)) = ¢!/ for all u € R? with

1
J(u) = —(m,u) + §<Zu,u> + / (e—<u72) — 14 1qz1<13(2) (u, z))u(dz) (5)
R4
We assume throughout that the (7, z)-forward rate is given by

t

f@&,T,z) = f(0,T,x) —|—/a(s,T, x)ds+/<b(s,T,z),dZs>

0 0
t
+//C(S,T,w;y)uL(ds,dy)
0 7

where p” is the random measure associated to the jumps of L. By [L, Z] we denote
the covariation of L and Z. Let

B = {u €R®: / e A y(dz) < oo}.
|z|>1
Additionally, we use the following assumptions.

(A2) For each T,z the processes a, b, and ¢ are assumed to be predictable and have
bounded trajectories. Furthermore, ¢(-,T,1;y) =0 for all y € Z.

(A3) [L,Z]: =0 for all t > 0.

(A4) For any r > 0 the function u f‘
lul <r}NB.

(A5) For each (T,x) there exists K(T,x) such that

sup (s, T,z;y) < K(T,x).
0<s<T,ycR?

21 e~ ("2 y(dz) is bounded on {u € R :

The assumption on ¢ in (A2) states that losses in the considered portfolio do not
influence the risk-free rate. This assumption can be relaxed but at the cost of further
notation. Assumption (A3) is natural from a modelling point of view: jumps in L
influence f only through ¢ and not via a dependence of L and Z.

Contagion. This framework allows for two kinds of contagion, i.e. feedback of the
loss process L on the forward rates: first, a direct contagion via simultaneous jumps
of L and f; when AL; # 0, (A3) gives that Af(¢t,T,z) = ¢(¢t, T, z; AL;). Second, a
kind of indirect contagion via letting the model parameters a, b, and ¢ be explicit
functions of the loss path L.

It is well-known that then the market of (7', z)-bonds is free of arbitrage if
(D P(t,T,x))o<t<r are local martingales for all (7, z), (7)
where D is the discounting process given by
Dy =e Jorsds _ e~ I f(s,s,l)ds.

The goal of this section is to give conditions which are sufficient for (7) to hold.



Default-free market. The default-free forward rate, f(¢,T), is given by

f&,T)=f(@tT,1).

We also denote a(t,T) = a(t,T,1) and b(t,T) = b(¢t,T,1). In the case of default
free markets, the following was shown in Jakubowski and Zabczyk (2007), Theorem
3.1.

On one side, (A2) and the no-arbitrage condition

D.P(t,T) are local martingales for all 0 < ¢ < T (8)

imply that for any u < T
u
/b(t,v)dv €B for almost all ¢ € [0, u]. (9)
t

On the other side, if (A2), (A3) and (9) hold, then (8) is equivalent to

S

/ alt, w)du = J / b(t. u)du (10)

t
for almost all 0 <t < s <T.
The drift conditions. Now we are in the position to state the model for the

defaultable market and derive the drift conditions. Recall that we consider a market
consisting of (7', x)-bonds.

Theorem 3.1. Assume that (A1)-(A4) hold.
(i) If (A5) holds, it follows from (7) that

S

/b(t,v,x)dv €B (11)

t

for any 0 <t <s on {L: <z}, QR dt-a.s.

(i) If (11) holds, then (7) is equivalent to

/a(t,u, x)du = J(/b(t,u,x)du)
+ / (6_ S e(tu,msy) du 1) 1{Lt+y§z}VL(ta dy) (12)
I
[t @) = f(t,t) + At, @) (13)

for any 0 <t < s, where (12) and (13) hold on {L; < z}, Q ® dt-a.s.
Proof. Set

T

p(t,T,x) ;= exp (— /f(t,u,x) du),

t



such that P(t,T,x) = 1;5,<5p(t, T, x). Recall the martingale M* from (3). Then

d(DtP(t, T, :v)) = Dyp(t—,T,2)dM;" — Dp(t—, T, 2)A(t,2)1{1,<qy dt
+ 1{Lt,§w}d(Dtp(t7 T7 JI)) + d[l{Ltga:}a Dtp(t7 Ta J?)] (14)

Denote a*(t,T,x) = ft a(t,u,z)du, b*(t,T,x) = ft (t,u,z)du, and similarly

c*(t,T,xz;y) = ft c(t, u, x; y)du. We first compute the last term in (14). Note that
the process (1,<4})e>0 jumps at most once, from 1 to 0, at the first time when L
crosses the barrier . Hence,

[1{L.§x}aD-p(‘,Tvx)}t = Z Al{LSSx} A(DSP(S,T,SL'))

0<s<t

= Z l{LS,Sa:,LS>z} A(Dép(S,T,J?))

0<s<t

*//1{L57§x}D5p(37,T, f)l{L37+y>x} (eic*(s’T’w;y) - 1) uL(ds,dy),
0 I
(15)
where we used in the last step that by (A3), Z and L do not have simultaneous

jumps. Regarding the remaining term in (14), we obtain from (1) and (6), by the
1t6 -formula, that

1, <ayd(Dep(t, T, x)) = Dip(t—, T, 2)1(1, <a}

((f(t,t,x) —ry— (0" (t,T,x),m) — a*(¢, T, x))dt
+ %b* (t,T,z)" Lb*(t, T, x)dt

+ / [e*b*(t’T’I)TZ —14+b%(t, T, x)Tz} Lijz1<1y p(dt, dz)
Rd

_|_/ |:e—b*(t,T,3c)Tz _ 1} 1{\z\>1} M(dt,dz)

Rd

+ / YL, <) [676*“’1”” - 1} pt(dt, dy))

A
+ dM, (16)

where M is a local martingale and we used the decomposition (4). Inserting (15)



and (16) in (14) we obtain, using 1;z, <z p(t—,T,x) = P(t—,T, ), that
d(D,P(t,T,z)) = D,P(t—,T, )

(£(tt.2) = 10— B (¢ To), m) — 07 (2, T ) )t
+ %b*(t, T,x)" Sb*(t, T, x)dt

+/ [e—b*(t,T,x)Tz 10T, x)TZ] 1 jz<1y p(dt, d2)

Rd
* T
+/ {671) tT2) = _ 1} Lz w(dt, dz)
]Rd
+/1{Lt_+y§$} (e—c*“’T’w%y) _ 1) uL(dt,dy)> +dM,  (17)
A

with a local martingale M. First we study (i). From (17) we obtain that

DP(t,T,x) = DoP(0,T,z) + A(t) + M,

t

+ //DSP(S—, T,x) (e*b*(S’T’I)TZ —1+b%(s, T, x)Tz)l{‘z‘Sl} wu(ds,dz)

0 R4
t

+//DSP(S—,T,CL') (e*b*(S’T’“:)TZ>1{|Z|>1} wu(ds, dz)

0 R4
t

—//DSP(S—,T,CL')].{|Z|>1} wu(ds,dz)

0 Rd
t
+ //DSP(S—,T, o), y<a} (e_c*(s’T’””?y) - 1) ML(ds,dy)>
0 7
—: DoP(0,T,2) + A(t) + My + I (1) + Io(t) — I (t) + La(t). (18)

Here M, is a local martingale and A(t) is a dt integral and thus they both are
locally integrable processes. The no-arbitrage condition (7) implies that the sum of
all those six processes is a local martingale and in particular the sum

Li(t) + I2(t) — I5(t) + 1a(t)

is locally integrable. We consider each term separately. Since (DyP(t,T,x))o<i<T
is a nonnegative local martingale, it is a supermartingale and hence

sup E(D;P(s—,T,x)) < sup E(D;P(s,T,x)) <E(DoP(0,T,z)) <oo (19)
0<s<T 0<s<T

the last expectation being finite by (7). The process

t

Ig(t) = //DSP(S—,T,SL’)lﬂzbl} ,u(d&dz)

0 Re



is locally integrable. To see this let (7,,) be an increasing sequence of stopping times
dominated by T'. Then

Tn

IE(//DSP(S—,T,x)l{z>1},u(ds7dz)) (20)
0 Rd
T
<E //DSP(S—,T,x)lﬂzbl} u(ds,dz)
0 Rd

T
://E(DSP(S—7T,95)) Lz >1yv(dz)ds.

0 Rd

Since the integrands are nonnegative, we obtain with (19) that

E(//DSP(S—,T, x)l{z>1},u(ds,dz)) < TE(DoP(0,T,z))v({z € R?: 2] > 1}) < oo.
0 Rd
Next, we consider I4. By (A5)
’676*(3,T,z;y) . 1‘ S eTK(T,:L’) + 1 =: K(T,II])

and hence

B / / D(s)P(s—, T, 2)L{z,_ty<op|e” ST — 1) pF(ds, dy)

0 Rd

T
< K(T,z)E //1[O)T7L](5)D(5)P(s—,T,m)l{Lsf_FySw}uL(ds,dy)
0 Rd

T
< f((T,x)//E(D(s)P(s—,T,x))VL(s,dy),

0 R4

which is finite by (19), (A1) and the second part in (A5). Summarizing, the no-
arbitrage condition (7) implies that the sum I; 4 I is locally integrable. However

t
L +1= // (efb*(S’T’x)Tz —140*(s, T, x)Tz)l{‘z‘Sl} wu(ds,dz)
0 Rd

t
* T
+//67b (s,T>2) Z1{|Z|>1} ,u(ds,dz)
0 Rd

Since both integrands are nonnegative, this sum is locally integrable if and only if
both summands are locally integrable and so fg f]Rd e_b*(“”’T’””)Tzl{|z|>1} w(ds,dz) is
locally integrable. Therefore, for a localizing sequence 7,

T
. T
E//e_b (s, T>2) Zl{SSTH}l{|Z|>1},U,(dS,dz) < +00.
0 R4



Equivalently

IE[/( / e_b*(s’T’z)sz(dz))ds} < +o00.
0 |z[>1
This implies (11) and assertion (i) follows.
We consider now (ii). Note that D¢p(t—,T,x) > 0. Compensating in (16) the
integrals with respect to the random measures p and p”, collecting the ’dt’-terms
and dividing by D;p(t—, T, z) > 0 gives

1{Lt§w} [f(t7tax) — Tt )‘(tvx) - <b*(t7T7 :c),m) - a*(ta T,ZL')

1
+ 5b*(t,T,x)T Sb*(t, T, x)

+/ |:e—b*(t,T,J:)Tz -1 + 1{|Z|§1}b*<t7T,$)T2] l/(dZ)

Rd

+ / 1{Lt+yg$}(e—c*<fv“;y) — 1) VL(t,dy)] dt. (21)
T

Dp being a local martingale is equivalent to having a vanishing drift. From (21) we
obtain the following condition:

0= f(t,t,x) —re — A(t, ) —a™(t, T, x) + J(b*(t, T, x))

+ / (e—c*(t,T,m;y) _ 1)1{Lt+y§x} VL(t,dy), (22)
A

dt ® Q-almost surely for all T > t. Let N € B(R') ® F be the set of all (¢,w)
for which (22) holds. For (t,w) € N we choose T' = ¢ and hence obtain (13) as
J(0) = 0. The remaining terms give (12), where both equations hold only on N,
i.e. dt ® Q-almost surely.

For the converse, we need to show that the drift conditions imply that all dis-
counted (7, z)-bonds are local martingales. For fixed z, the drift conditions imply
that the ’dt’-terms in (17) vanish (compare (21)) and hence (D, P(t,T, x))o<i<T are
local martingales. The conclusion follows. |

Theorem 3.1 states that, under the no-arbitrage condition (7), the drift a(t, -, )
of the forward rates is determined by the wolatility b(t,-,x) and the contagion
c(t,-,x;-). Besides this, (12) gives an implicit relation between f(¢,t,z) and Ly
or more precisely its compensator; the relationship between A and the compensator
v is given in (2).

In Filipovié, Overbeck, and Schmidt (2010) it is shown how to construct a
conditional Markov process which satisfies the drift conditions when the filtration
is generated by a Brownian motion. The extension to the case where the background
filtration is generated by a Lévy process is studied in Schmidt and Tappe (2010).

There is a rich literature on drift conditions in the defaultable and default-free
case, see for example Bjork, Di Masi, Kabanov, and Runggaldier (1997), Musiela
and Rutkowski (1997), Filipovié¢ (2001), Schmidt (2006), Ozkan and Schmidt (2005)
and Huehne (2007).

4 Market Models

For practical applications it is important to realize, that (T, z)-bond prices are
neither available for all maturities nor for all levels x. This chapter is devoted to



the study of a market model where this assumption is relaxed. We start by deriving
dynamics of (T, x;)-rates in section 4.1, and consider market models of the forward
rate and the (Tk, z;)-rate in sections 4.2 and 4.3, respectively. The drift condition
derived in Theorem 3.1 is, however, still sufficient for absence of arbitrage. Recall
that (Ly)¢>0 was the loss process of the CDO and P(t,T,x) = 11, <5 p(t, T, x) with
p(t,T,z) > 0.

We fix a tenor structure 0 < 77 < --- < T,, and a barrier structure 0 = x1 <
o < Ty =1. Set S:={T1,..., T} x{z0,...,2m}. The considered market model
consists of all (T, z)-bonds with (T,z) € S. As z,,, = 1, the market also contains
risk-free bonds. Throughout we assume that the initial term structure, denoted in
(T, z)-bonds, is strictly positive and decreasing in T and increasing in x.

Definition 4.1. Set ) := Tj41 — Tk. The rate

1 p(ta Tk7x2)
L(t, Ty, x;) == 1{Lt§xi}$ <]0(t,Tk+1,$z) - 1)

is called (T, xz;)-rate. For al 0 <t < S <T and z € Z,

p(t, S, x)

F T =1 2
(taSa ,Qf) {Ltgz}p(t7T7 ZC) ( 3)

defines the (S, T, x)-forward bond price.

The (T),1)-rate is the so-called LIBOR-rate. It is a default-free and has been
studied in many papers, see e.g. Filipovié¢ (2009). Defaultable LIBOR-rates have
been studied in Eberlein, Kluge, and Schonbucher (2006). In this paper we follow
Brace, Gatarek, and Musiela (1997) and embed the (T}, ;)-rates in the framework
of continuous forward rates and obtain sufficient conditions for absence of arbitrage.
In Eberlein, Grbac, and Schmidt (2010) (T}, x)-rates are studied directly; however
they do not consider a discrete structure for the loss levels.

4.1 Dynamics of (T}, x;)-rates

In this section we derive the dynamics of (T}, z;)-rates when the drift condition (12)
is satisfied. This result generalizes Eberlein and Ozkan (2005) and Huehne (2007).
Recall that b*(¢, T, x) = ftT b(t,u,x)du.

Theorem 4.2. Assume that (A1)-(A4) and (12) hold and consider (Ty,x;) € S.
On {L;— < z;} we have that

1+6Lt—,T,xi (5Lt—,T,£CZ‘
dL(t, Ty, ;) = k (6k b )(D(t,Tk,TkH,xi) - 1+k5k(L(t—ka ;))\(t, xi)>dt

+ dM,, (24)

where the drift term attributed to the compensated jumps and the quadratic variation
of the diffusive part is
D(ta Tkn Tk+1; xi)
— / (e<b*(t,Tm,xn—b*(t,n,xi),a — e BT Thwi)s2) o= (0" (8 Thgr,i),2) 1)u(dz)
R4
+ / (66*(tka+1,mi;y)*C*(tka,zz‘;y) — e~ ¢ WThwizy) | 6*6*(thk+17$i§y)) 1{Lt+y§zi}VL(t’ dy)
z
+ <Z(b* (t7 Tk+17 xi) - b* (t) Tk7 xl))v b* (ta Tk-‘rl) xl)> (25)

10



and M = M (T}, ;) is the local martingale
dM, := L(t—, Ty, z;)dMF

+ L+ 0Lt Ty i) (/ (e<b*(t’T’“+1’“)_b*(t’T’““)’z> - 1) (u(ds,dz) — v(dz)ds)

Ok
R
+ / (e @t =e (Tezsin) 1)1y ey (u(ds, dy) — v*(dy)ds)
s
+ (0" (t, Thg1, ;) — b (t, T, 4),s dW(t)>> . (26)

Proof. Fix 0 < S < T. First, we derive the dynamics of the pre-default (S,T,x)-
forward bond price process

p(t, S x)
T, 2
olt,5.7.0) = L2, o)
With x,S and T fixed we denote A(t —fS a(t,u,z)du, B(t —fs (t,u, z)du,

and C(t;y) fS c(t,u, z;y)du . By (27) and the dynamics of the forward rate f
given in (6) the stochastic Fubini theorem yields

(t,S,T,z) = efST(f(o,u,a;)Jrf(; a(s,u,z)ds+ [ (b(s,u,2),dZ)+ [ [, c(s,u,w;y)uL(ds,dy))du
= (0,8, T, z) efo A(s)ds+ [ (B(s),dZ(s))+ [y [z C pt (ds, dy)
The Ito-formula gives an expression for the dynamics of g:
dg(t,S,T,z) = g(t—, S, T, ) (A(t) +(B(1), dZ(t)))dt
+ %g(t—, S, T, z)(XB(t), B(t))dt
+ (9(t,8,T,2) = g(t—, 8, T, 2) — glt—, 5. T,) (B(t), AZ(¢)) )
=:dl(t) + dI2(t) + dI3(t). (28)
The decomposition of Z in (4) yields
dI,(t) = g(t—, S, T, z) (A(t) + (B(t), m)) dt
+g(t—, S, T,z){(B(t), dW(t))
+ / g(t—, S, T, z)(B(t), z)(u(dt, dz) — v(dz)dt)
llzll<1
+ / g(t—, S, T, 2)(B(t), z) u(dt, dz).
llzl>1

By (A3), L and Z have no joint jumps and therefore

dIS( ) g( S T £B) (e<B(t)’AZ(t»JrC(t’AL(t)) - 1) - g(tfﬂsv, Ta 1’)<B(t),AZ(t)>

- / g(t—, S, T, ) (e<B(t)’z> —1—(B(t), z>) p(dt, dz)

Rd

+/ (t—, S, T,x) (ec(t;y) — 1) pl(dt, dy),
T

11



Inserting this expressions in (28) we obtain

dg(t,S,T,x)

(=S T.2) (A(t) + (B(t),m) + ;(EB(t),B(t») dt + (B(t),dW(t))

n / (€<B<t>,z> _ 1) (u(dt, dz) — v(dz)dt)

R4

+/ (B2 1= 1<y (B(1), 2) ) w(d2)de (29)
a0

+ [ (W) —1) b (at, dy). (30)
I/ ( ) i (dt, dy

As L(t, Ty, z) = 1{1,<4y6; "(9(t, T, Tey1,2) — 1), we have that
dL(t, Ty, ) = &; " (g(t—, Th, Thy1, ) — Ddl{r,<a
+ 141, <a105, "dg(t, Ti, Tig1, @)
+d[l{r, <}, 65 (9(t, Tie, Thg1, ) — 1)].
Note that dl{z, <,y = dM{ — 1{1,< A(t, x)dt and, similar to (15),
1L, <oy, 0% (90t Tp, Tiy1, ) — 1)

= 5k_1 / (I{Lt—erSﬂU} B l{LtfﬁfD})g(t_ka’Tk-‘rl’x) (eC(tﬁTk’TkJrl;y) - 1) H*L (dtvdy)'
A

Summarizing, we obtain the following dynamics of L,

dL(t, Ty, x) = L(t—, Tk,m)(thx - /\(t,x)dt)

e BT () (B0 m) + 55800, B)
“r/ (€<B(t)’z> —-1- 1{‘|Z‘|§1}<B(t),Z>)V(dz))dt
Rd
+ (B(t), dW (1)) +/ (e<B(t)’z> - 1) (u(dt,dz) — v(dz)dt)
Rd
+ [ (9" — 1)t (dy, dt)
[
+ / (Lpesysey = Lze <o) (769 = 1) ML(dtady)]- (31)
v

Compensating the remaining p” terms and collection all ds-terms and using (5)
gives the drift term of L,

— L(t—, Ty, x)A(t, x) (32)
SuL(t—, T, ) + 1 .
e BRI 40 £ I BO) + [ (€0 1) 110,y )|

z
In the next step we will use the drift condition (12) to work further on this expres-
sion. Recall that

T
B(t) = /b(t,u,x)du =b"(¢t,T,x) — b"(¢, S, x),
S

12



such that (5) gives
J(=B(t)) = —(m,b*(t, S, 2)) + (m,b*(¢, T, x))

(X7 (¢, T, x) = 07(t, 5, 2)), (b7 (¢, S, 2) = b"(t, T, x)))

M\H

/ ~OTGSDEIET ) 1 4 1<y (0 (8 S ) — b*(t,T,z),z)) v(dz)

=J(*(t, S, x)) — J(b*(t, T, )
+ (S (t, T, z) — b*(t, S, x)),b*(t, T, x))

/ (e—<b*<t,s,:c>—b*<t,T,x>,z> e 0T (B8.0),2) | (bt (1 T)2) _ 1) v(d2)

Rd

_|_

With A(t) = a*(t,T,z) — a*(t, S, z) the drift condition (12) gives
A(t) = J(O°(t, T, ) = J(b*(t, S, x))

/ (e (t.Twy) _ *(t,S,x;y)) Lz 4y (8 dy).
z

_|_

Hence,

AW+ I B+ [ (9 < 1) 11,4yt d)

T
= (S(b*(t, T, x) — b*(t, S, 2)), b* (¢, T )

+/ 0BT )b (15,:2),2) _ o= (7 (1,5.2),2) | o= (0" (1T),2) _ 1) V(d2)

Rd

+/ e¢” (ETay) —c" (t,8,a3y) _ o —c"(t,5,239) | e*C"(LT,z;y))1{Lt+ygw},}(t, dy).
7

(33)
Inserting this in (32) and using the dynamics of L in (31) we obtain the result. W

As byproduct of the above proof we obtain the dynamics of the (S, T, z)-forward
rate.

Corollary 4.3. Assume (A1)-(A4) and (12) holds and (T, x;) € S with k < n.
Then, on {Li—<z,},

F(t, Ty, T, ;
d (ta ks k+17xz> :(_)\(

D)+ D(t, T, T, i)dt M, 34
F(t77Tk7Tk+laxi) $)+ ( k hr x) + k ( )

with D from (25) and the local martingale M given in (35).

Proof. Noting that F(t, Ty, Try1,2:) = 11,<2,39(t The; Tet1, ;) with g defined in
(27), we obtain the dynamics of F' via
dF(t,Tk,wi) = g(t—7Tk’Tk-s-l’l‘i)dl{Ltgzi}
+ 141, <2y dg(t, T, Try1, 4)
+dl{r, <oy, 9t T, Thog1, )]

13



As above we have that
dll¢r, <2y, 9t They Thr 1, 4]

= / (1{Lt—+y§Ii} - 1{Lt—SIz‘})g(t_7TvakJrl’wi) (eC(tTk’TkJrl;y) - 1) ML(dta dy)
v

With (30) and (33) we obtain the stated dynamics. Here

M, = dM? + / (e(b*(t,n“,xi)—b*(t,Tk,xi),z> _ 1) (u(dt, dz) — v(dz)dt)

R
+/ (e(c*(t,Tk+1,Iﬁy)*c*(t’T’“’zi;y)) - 1) 1{Lt7+y§m}(/u‘L(dta dy) - I/L(dy)dt>
A
(06 T, ) — b (8, Ty ), AW (1)). (35)

4.2 Forward rate modelling

In practical applications one needs a simple structure of the (7%, x;)-rates which
is analysed in this section. For notational convenience, we consider forward bond
prices instead of (T,x;)-rates themselves. A result for the (T,x;)-rate can be
obtained in a similar way. Recall from (3) that A(t, ) was the intensity that 1, <,
jumps to zero at t. Let n(t) := inf{1 < i < n:T;y; > t}. In the following model the
forward rate is driven by the Lévy process Z through the functions fj; the reaction
on the loss process L can be adjusted through the functions ;. These may depend
on the loss occurring at t, AL, and the current loss level L,_ itself. We need the
following assumption:

(A6) For each (Ty,z;) € S the functions By; : RT — R% ~p; : RY x T x [0,1] = R
are measurable and bounded.

Proposition 4.4. Assume (A1)-(A6) hold. Forward bond prices given on {L; <

x;} by
dF(t,Tk,Tk+1,$i)
F(t_,Tk,Tk+17$i)

b [ (O 1) ez [ (0B 1) 10t dy),
R4 A

= agi(t)dt + (Bri(t), dW (1))

(36)

(Ti,x;) € S, k <n and zero on {L; > x;} constitute an arbitrage-free market if

k
agi(t) = —A(t, z;) + Z (Bji(t), LBki(t))
J=n(t)
k—1
+/ <e<6m(t>,z> 4 (@2 _1) [ e _1)V(dz)
Rd J=n(t)

H e ii(tLe— ,y)>1{Lt+y<xl}l, (t, dy)
Jj=n(t)

+/ (e’Yki(t,Lt;y)+ (6 Vi (t,Le—3y)
T

for all (T, x;), (Tk+1,2:) €S.
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In this way the (7, x)-forward bond price explicitly relates to A(¢, z) and v*. With
this result at hand pricing of typical derivatives on the forward rate can be done in
a standard way. The input parameters for the modeler are Bi;, yx; as well as 3, v
and vY while the ay; are determined as above to ensure that the model is free of
arbitrage.

Proof. The idea is to identify b (see (6)) from the dynamics of F' and then show
that the drift condition (12) holds with the chosen «: a comparison of (36) with
Corollary 4.3 and (35) yields that

Tr41 Tri1
Bualt) = / bt wz)du  and it Lo y) = / (b, w255 y)du.
Tk Tk

The drift in (34) yields that
agi(t) = =A(t, 2;) + (EBki(t), b (5, Tht1, i)

n <e<ﬁm(t),Z> + e~ (T (ETem).2) (o= (B2 _ 1) 1) v(dz)

[ (et g eme T ETmi) (il be) - 1)) 1y g0t (dy). (37)

/
/

We have that S (t) = b* (¢, Tky1, ;) —b*(t, Ty, ;) and we use the freedom to specify
b(t,T,x;) = 0 whenever ¢t > T. This in turn gives that for T; < t < Tj41

Tjt1 Tjt1
Bji(t) = / b(t, u, xz;)du = / b(t, u, z;)du = b"(t, Tj+1, ;)
T; t
such that
k
b (6, Thsr, ) = Y Bialt). (38)
J=n(t)
Analogously,
k
¢t Thpr,wiiy) = Y il Lis; y). (39)
J=n(t)
Inserting this in (37) gives the claim. |

4.3 (T}, x;)-rate modelling

In this section we study the case where instead of the forward price process the
(Ty, x;)-rate has a simple structure. As in the previous setting we consider the
lognormal case including jumps. For simplicity we assume v = 0, i.e. the dynamics
is only driven by a Brownian motion and L. In turn we will obtain the result from
Brace, Gatarek, and Musiela (1997) as a special case. Finally, we also give the
results for market models in a single-name credit risky case.

(A7) Assume v(dz) = 0 and that for each (T, z;) € S the functions f; : Rt — R?,
Vi : RT x RT — R are measurable and bounded.
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Proposition 4.5. Assume (A1)-(A4) and (A7) hold. (T, xz;)-rates given by
dL(t, Ty, z;) = L(t—, Ti, z:) (a;ﬂv(t)dt + <6ki,dW(t)>)

14+ 0 L(t—, T, x; .

n + 0k (5 5 ka‘r)/<6Wm(?th—)_1) 1{Lf,_+y§x7¢},UfL(d57dy) (40)
k

T

for all (T, x;) € S and zero otherwise constitute an arbitrage-free market if

14 6Lt T,
aki(t) = =A(t,z:) + Y gﬁgajigi)@%@%zﬁmﬁﬁ
j=n(t) T

1+ 5kL(t_aTk7 xi)
5kL(t_a Tkaxl)

k—1

/ <6'Yki(t§y) + (e*Vki(t,Ltf;y) _ 1) H e’in(t,Lt;y)) 1{L¢+y§x7;}VL(dy)
J=n(t)

(41)

for all (Ty,xz;) € S.

With this result at hand pricing of typical derivatives on the (T}, z;)-rates can
be done in a standard way, see for example Section 6 in Brace, Gatarek, and Musiela
(1997). As previously, the input parameters for the modeler are A, Bx; and ~x; while
the ay; are determined as above to ensure that the model is free of arbitrage.

Proof. We proceed similar to the proof of Proposition 4.4. A comparison of (40)
with (26) yields that

1+ 5kL(t—,Tk,(£i)
i(t) =
/Bk ( ) (5kL<t—,Tk,l’i)

(b (t, T 1, 1) — b (8, T, 7)) (42)

such that

5kL(t77 Tk7 xl)
1+ 5kL(t—, Tk7 3;‘1)

- Bji(t) 5]'L(t_aTjaxi)
> B 1+ 6,L(t—, T, z;)
=n(t) O L= T zi)

b (t, Ty, i) = 0" (t, T, 3) + Bri(t)

compare (38). Furthermore, we have that v;(y, Li—) = C(¢, Tk, Tp+17i;y) and
hence (39). From the drift term in (24) we obtain that

14 6kL(t—, Tk, (,Ci)
6kL<t_7 Tk7 xl)

Oéki(t) = —)\(t,xi) + D(t, Tk7Tk}+17xi)'

With (42) and (39)

O L(t—, Ty, x; «
D(t, Tk, Thy1, 1) = 1+5k<L(t T, ;)@/Bki(t),b (t Thot1, 74))

k—1
+/ <67ki(t7Lt§y) + (ef'Yki(t’Ltf;y) _ 1) H e%‘i(t,Lt;y)> 1{L,,+y§x1;}’/L(dy)
Jj=n(t)

and we conclude as in Proposition 4.4. |
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Remark 4.6. With z,, = 1 and ¢(-,T,1;y) = 1 (from Assumption (A2)) gives
the risk-free Libor market model as a special case and (41) equals Equation (2.6)
in Brace, Gatarek, and Musiela (1997). Also a doubly stochastic model for single-
name credit risk as in Huehne (2007) is a special case: consider the doubly stochastic
random time 7 which has an intensity (A;);>0. Choose L; := %1{73}- Then, with
T = %, one has that the rates of defaultable bond satisfying, on {7 > ¢},

d‘z’(tv Tk)

Ty = o+ B0, aw (1) (13)

and zero otherwise constitute an arbitrage-free market if

6J'E(tfaTj) 2 >

k
a(t) = A0+ (B0, 3 IS Bi0),

Jj=n(t)
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